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. INTRODUCTION.

. FIRST EXAMPLE: The geometric series and
the Banach Fixed Point Theorem.

. FIRST QUESTION: Can we sum the arithmetic-
geometric series in a similar way?

. FIRST APPROACH: The first remainder.

. SECOND APPROACH: A generalized Banach
fixed point theorem.

. THE T(f | g) GROUP.

. CONCLUSIONS



PRELIMINARIES
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Banach fixed point theorem (BFPT) Let (X, d)
be a complete metric space and f: X — X con-
tractive. Then f has a unique fixed point zg and
f(x) — xg for every x € X.

Generalize Banach fixed point theorem (GBFPT)
Let (X,d) be a complete metric space. Suppose
{fntneny : X — X is a sequence of contractive
maps with the same contraction constant « and
suppose that {fn,} — f (point to point). Then
f is a-contractive and for any point z € X the
sequence {fpo---0 f1(2)} —— xg, Where xq is

n—oo

the unique fixed point of f.



FIRST EXAMPLE: The geometric series.

firK[[z]],d) — X[[z]],d)
t —> xt+ 1

f is contractive, d(f(t1), f(t2)) < %d(tl,t2>

f(0)=1
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F20)=az+z+1
fA0) =2+ 22+ +1
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Can we sum the arithmetic-geometric series

>, kzF~1 using the BFPT?.

f@) = g(@)t+h(zx), o / f"Ti(zo) # Y (k+1)a"

k=0
f(zo) = g(z)zo + h(z) =1,
f2(z0) = g(x) + h(z) =1+ 2x
f3(x0) = g(x)(1 + 2z) + h(z) = 1 + 2z + 322
zo = —3 and f(z) = 3zt + 1+ 5= but

f4(—%) # 1+ 2z + 322 + 423.



FIRST APPROACH: The first remainder.
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f(t) =14 (22 — 22)t

f(0) =1

£2(0) = 1 + 2z—x?

£3(0) = 1 4 2z 4 322 -4x3 + x4

f4(0) =142z + 322 + 423-11x* 4 6x° — x5
£2(0) = 14224322 +423+4+524—26x5 + 23x6 — 8x7
+x5

9(0) =14 2z + 322 + 423 4+ 52 + 62°—57x5+

+72x7 — 39x8 + 10xY — x10
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SECOND APPROACH: A dgeneralized Ba-
nach fixed point theorem GBFPT

Equicontractive sequence: hqg(t) = xt, h1(t) =
xt+x, ho(t) = rt+x+ 22, h3(t) = rt+x+ 22+ 23,

m—1

hm(t) =zt + x Z "
k=0

€T
1 —=x

{hm} — h(t) = ot +
ho(0) =0

h1(ho(0)) ==

ho(h1(ho(0))) = = + 227

ha(ho(h1(ho(0)))) = z + 22° + 323

Using GBFPT and xt+ -~ =t = t = (1#)2

T

T(1-2)2

(hm o ---0hg)(0)
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hm1(t) = ot +a >0 Olazk' =at +2T,-1 1

hpmo(t) =xt+ ZZ”:_Ol kak = xt + Ty —1.2

72

ho(t) =axt+ = 23

(1— )2=>t_

ho,2(0) = h12(ho2(0)) =0,

ho 2(h12(ho 2(0))) = 22,

h3 2(h22(h1 2(ho 2(0)))) = z2 + 323,

ha 2(h32(ho 2(h1 2(ho2(0))))) = 22 + 323 4 62,

(hm2ho2)(0) = Sy (§)ak — 2.




Proposition 1. For n > 2, the n-column in Pas-
cal’'s triangle is obtained from the (n-1)-column
applying the crossed iterations in GBFPT to the

sequence {hmmn}meN Where

hmn(t) = ot + TLm—1mn—1

being T,,,_1,—1 the (m-1)-Taylor polynomial of
the (n-1)-column.
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THE T(f | g9 GROUP.

F=Y for g= 3 gna®, L= 3 dpa”

n>0 n>0 9 >0
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do
go
g f
dy, = —g—ldn_l _ g_an_Q oo — Lo+ 22
go go go go

Algorithm for T(f | g) = (c; ;)
fo

fi1]|c11 c12 c13 cia cis
Jo | o1 coo €23 cpa cos
J3a|c31 c32 €33 €34 c35

fi | ci1 ci2 €3 cia ¢s

with ¢; ;j =0 if 7 >4 and for ¢ > 5. For 5 > 2:

_ 9 g2 9i—1 Ci—1,7—1
Cij = = Ci—1j— Ci—2j 1~ —Cljt
go go go go
g1 g2 gi—1 fi—1
Cil = T Gl T G2l m)ﬁ;*‘go
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T(flg): K[z]],d)
h

T(f1]|90)T(f2]g2) =

R (K[[z]], )
— T(f | 9)(h) = Lh (%)

(o (o)

(T(f | g) t = T(

f(e=1)

1 1 T
‘g(k_1)>’ "=
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Shapiro and T'(f | g) Notations

Name (d(t),th(t)) T(f|9)
Identity (1,1) T(1]1)
1 t
Pascal ( , ) T(1|1-1)
I l1—¢t 1-—1¢
— —ct
Remainders N T (l | @)
Q(t)a+ bt a + bt Q5 —c
Appel subgroup element (d(t),t) T(d]|1)
1 1
Associated subgroup element (1,th(t)) T <E \ E)
1
Bell subgroup element (d(t),td(t)) T (1 | E)

Sprugnoli and T'(f | g) Notations

Name (d(®),h(®)) T(f1g)

Pascal 11—t’11—t> T(1|1-1)

Appel (d(t),1) T(d|1)

. T 1
Associated (1,h(t)) T (E | §>
Bell (dit),d(ti)) _7; (1 | 5) _

Stirling 1 (1’?'?1—t> T(In(l—t) o
Stirling 2 (1, c t_l> T (etil = a 1)
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Fundamental equality

T(flg) =T(f[1)T(1|g)

f@ t\ _ 1t
<g<t> ’ g<t>> = (F®):1) <g<t>’ g<t>>

f@& 1\ 1 1
<g(t> ’ g(t)) = 0.1 (g(t)’ g(t))

T-1(1]9) =T A)

T (flg) =T (ff—°<A - xZ)\A>
0
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(=2 \

11 6 -1 .
26 23 -8 1 T ( |20 — 1)
57 72 -39 10 -1 (1—2)

—120 201 -150 59 -12 1

\s : : /

Q(z) =a+bxr+cz’,a#0

< | a + b:v)
Theorem

(1 |a+cbw) ZT(%H_“’) T_1(1|1—x)T<1 | “J_Fcbx>

or equivalently

T(%|1—x) _ (1 la-l-bac)T_l (Haibx)T(l\l—a:)

or equivalently

T(1|1—2)=T (1|a+cbx>T—1 <i|a+bx)T<i\1—x>

16



T(1|a+ bx)

pn, associated to T'(f | g) = (Cn,k:)n,kEN

n

pn(z) = 3 cppa®

k=0

T(f | ag+ bx)

1 —b
=3 et with ¢ =2

a =0 a

gn(t) =

n

T(f | ag+ bx) = T(f|g)T(1]a + bz)
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Conclusions:

e By means of Banach’'s fixed point theorem we
run into the Riordan group.

e In some sense, we reinforce the idea of the
ubiquity of Pascal triangle.

e [ he algorithm of dividing series allow us to
get a general algorithm to construct all Rior-
dan arrays avoiding both usual A and Z se-
quences.
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