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The Riordan group
Classical families of polynomials.

Stochastic subgroup and its associated polynomial family.

K[[x ]]

K field (of characteristic zero).

Consider the ring K[[x ]].
Let f ∈ K[[x ]] given by f ≡ f (x) =

∑
n≥0 fnxn

ω(f ) = ḿın{n ∈ N, / fn 6= 0}

If f = 0, we said that the order of f is ∞.

metric space

(K[[x ]], d) is a complete ultrametric space where

d(f , g) =
1

2ω(f−g)
, f , g ∈ K[[x ]]

In the previous formula we understand that 1
2∞ = 0.
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The Riordan group
Classical families of polynomials.

Stochastic subgroup and its associated polynomial family.

The elements of the Riordan group

f ≡ f (x) =
∑
n≥0

fnxn, g ≡ g(x) =
∑
n≥0

gnxn, with f0, g0 6= 0,

D ∈ R, T (f | g) ≡ D = (dn,k)n,k∈N

If j > n, dn,j = 0

If j = 0, dn,0 = dn, d = f
g =

∑
n≥0 dnxn

dn,0 = −g1

g0
dn−1,0 −

g2

g0
dn−2,0 · · · −

gn

g0
d0,0 +

fn
g0

If j > 0

dn,j = −g1

g0
dn−1,j −

g2

g0
dn−2,j · · · −

gn

g0
d0,j +

dn−1,j−1

g0
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The Riordan group
Classical families of polynomials.

Stochastic subgroup and its associated polynomial family.

The Riordan group

R =

{
T (f | g) = (dn,k)n,k∈N /

dn,k = [xk ]
f (x)xk

gn+1(x)

}

T (f1 | g1)T (f2 | g2) ≡ T (f1 | g1)·T (f2 | g2) = T

(
f1f2

(
x

g1

) ∣∣g1g2

(
x

g1

))

(T (f | g))−1 = T

(
1

f (ω−1)

∣∣∣ 1

g(ω−1)

)
, ω =

x

g

(R, ·) is the Riordan group
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The Riordan group
Classical families of polynomials.

Stochastic subgroup and its associated polynomial family.

T (f | g) : (K[[x ]], d) → (K[[x ]], d)

h 7→ T (f | g)(h) = f
g h
(
x
g

)

f

g
h

(
x

g

)
≡ f (x)

g(x)
h

(
x

g(x)

)
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The Riordan group
Classical families of polynomials.

Stochastic subgroup and its associated polynomial family.

Pascal’s triangle.

P = T (1 | 1− x) =



1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
...

...
...

...
...

...
. . .



p0(x) = 1, p1(x) = 1+x , p2(x) = 1+2x +x2 = (1+x)2, · · ·

pn(x) = (x + 1)pn−1(x) = (x + 1)n
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The Riordan group
Classical families of polynomials.

Stochastic subgroup and its associated polynomial family.

Fibonacci polynomials.

F0(x) = 1, F1(x) = x , F2(x) = 1 + x2,F3(x) = 2x + x3, · · ·

T
(
1|1− x2

)
=



1
0 1
1 0 1
0 2 0 1
1 0 3 0 1
0 3 0 4 0 1
...

...
...

...
...

...
. . .


Fn(x) = xFn−1 + Fn−2 for n ≥ 2

∑
n≥0

Fn(t)xn = T
(
1|1− x2

)( 1

1− xt

)
=

1

1− x2 − xt
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Fn(x) = xFn−1 + Fn−2 for n ≥ 2

∑
n≥0

Fn(t)xn = T
(
1|1− x2

)( 1

1− xt

)
=

1

1− x2 − xt
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0 2
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. . .
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The Riordan group
Classical families of polynomials.

Stochastic subgroup and its associated polynomial family.

Polynomials of Riordan type

Definition. (pn(x))n∈N is a polynomial sequence of Riordan type if
(dn,k)n,k∈N is an element of the Riordan group.

pn(x) =
n∑

k=0

dn,kxk , with n ∈ N

T (f |g)

(
1

1− xt

)
=



d0,0
d1,0 d1,1
d2,0 d2,1 d2,2

.

.

.

.

.

.

.

.

.
. . .

dn,0 dn,1 dn,2 · · · dn,n

.

.

.

.

.

.

.

.

. · · ·
.
.
.

. . .





1
t

t2

.

.

.
tn

.

.

.


=

n∑
k=0

pn(t)xk

n∑
k=0

pn(t)xk = T (f |g)

(
1

1− xt

)
=

f (x)

g(x)− xt
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The Riordan group
Classical families of polynomials.

Stochastic subgroup and its associated polynomial family.

Umbral Composition

f =
∑
n≥0

fnxn, g =
∑
n≥0

gnxn, l =
∑
n≥0

lnxn, m =
∑
n≥0

mnxn

T (f |g) = (pn,k)n,k∈N T (l |m) = (qn,k)n,k∈N

(pn(x))n∈N, (qn(x))n∈N

(pn(x))n∈N ] (qn(x))n∈N = (rn(x))n∈N

T (f |g)T (l |m) = T

(
fl

(
x

g

) ∣∣∣gm

(
x

g

))
= (rn,k)n,k∈N

rn(x) =
n∑

k=0

pn,kqk(x)
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The Riordan group
Classical families of polynomials.

Stochastic subgroup and its associated polynomial family.

Recurrence of polynomials family.

Main theorem

Let D = (dn,j)n,j∈N be an i.l.t.m. D is a Riordan matrix iff ∃ (fn)
and (gn), g0 6= 0

pn(x) =

(
x − g1

g0

)
pn−1(x)− g2

g0
pn−2(x) · · · − gn

g0
p0(x) +

fn
g0

∀n ≥ 0

Moreover D = T (f | g) where f =
∑

n≥0 fnxn and
g =

∑
n≥0 gnxn.
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The Riordan group
Classical families of polynomials.

Stochastic subgroup and its associated polynomial family.

Proposition.

Consider T (f | g) with (pn(x)),

let

h(x) = h0 + h1x + h2x2 + · · ·+ hmxm

be a m degree polynomial, hm 6= 0, and T (h | 1)T (f | g) with
(qn(x)). Then

q0(x) = h0p0(x), q1(x) = h1p0(x) + h0p1(x), · · ·

qm(x) = hmpn−m(x) + · · ·+ h0pm(x)

If n ≥ m
qn(x) = hmpn−m(x) + · · ·+ h0pn(x)
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The Riordan group
Classical families of polynomials.

Stochastic subgroup and its associated polynomial family.

Chebyshev polynomials of second kind.

U0(x) = 1, U1(x) = 2x , U2(x) = 4x2 − 1, U3(x) = 8x3 − 4x , · · ·

If n ≥ 2
Un(x) = 2xUn−1(x)− Un−2(x)

U = T

(
1

2

∣∣∣1
2

+
1

2
x2

)
=



1
0 2
−1 0 4
0 −4 0 8
1 0 −12 0 16
...

...
...

...
...

. . .


∑
n≥0

Un(t)xn = T

(
1

2

∣∣∣1
2

+
1

2
x2

)(
1

1− xt

)
=

1

1 + x2 − 2xt
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T

(
1

4
− 1

4
x2
∣∣∣1
2

+
1

2
x2

)
=



1
2
0 1
−1 0 2
0 −3 0 4
1 0 −8 0 8
...

...
...

...
...

. . .



∑
n≥0

T̃n(t)xn = T

(
1

4
− 1

4
x2
∣∣∣1
2

+
1

2
x2

)(
1

1− tx

)
=

1

2

1− x2

1 + x2 − 2tx

∑
n≥0

Tn(t)xn =
1

2
+
∑
n≥0

T̃n(t)xn =
1− tx

1 + x2 − 2tx
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1
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The Riordan group
Classical families of polynomials.

Stochastic subgroup and its associated polynomial family.

Proposition.

Let f =
∑
n≥0

fnxn, g =
∑
n≥0

gnxn be two power series such that

f0 6= 0, g0 6= 0. Suppose that (pn(x))n∈N is the associated
polynomial sequence of the Riordan array T (f | g), then

(a) If (qn(x))n∈N is the associated sequence to T (fg | g) we obtain

qn(x) = xpn−1(x) + fn if n ≥ 1

and q0(x) = f0.
(b) If (rn(x))n∈N is the associated polynomial sequence to

T

(
f

g

∣∣∣g) then

rn−1(x) =
pn(x)− pn(0)

x
for n ≥ 1
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Classical families of polynomials.

Stochastic subgroup and its associated polynomial family.

Corollary

Suppose g =
∑
n≥0

gnxn with g0 6= 0. Let (pn(x))n∈N be the pol.

seq. ass. to T (1 | g)
(qn(x))n∈N that associated to T (g | g).

qn(x) = xpn−1(x) for n ≥ 1 and q0(x) = 1
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Classical families of polynomials.

Stochastic subgroup and its associated polynomial family.

Morgan-Voyce polynomials.
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5 20 21 8 1

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.
. . .


B0(x) = 1, B1(x) = 2+x, B2(x) = 3+4x+x2

, · · ·



1
1 1
1 3 1
1 6 5 1
1 10 15 7 1

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.
. . .


b0(x) = 1, b1(x) = 1 +x, b2(x) = 1 + 3x +x2

, · · ·

Bn(x) = (x + 2)Bn−1(x)− Bn−2(x) bn(x) = (x + 2)bn−1(x)− bn−2(x)

∑
n≥0

Bn(t)xn = T (1|(1− x)2)

(
1

1− xt

)
=

1

1− (2 + t)x + x2

∑
n≥0

bn(t)xn = T (1− x|(1− x)2)

(
1

1− xt

)
=

1− x

1− (2 + t)x + x2

Bn(x) = (x + 1)Bn−1(x) + bn−1(x)

bn(x) = xBn−1(x) + bn−1(x)

Bn(x)− Bn−1(x) = bn(x)

bn(x)− bn−1(x) = xBn−1(x)
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T (1 | (1− x)2) (Bn(x))

T (1− x |(1− x)2) (bn(x))

Bn(x)− Bn−1(x) = bn(x)
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Proposition.

Let T (f | g) and T (l | m) be two element of the Riordan group.
Suppose that (pn(x)) and (qn(x)) are the corresponding associated
families of polynomials.

T (l | m) = T (γ | α + βx)T (f | g)T (c | a + bx)

where α, γ, a, c 6= 0. Then

qn(x) =
γc

αa

(
n∑

k=0

(
n

k

)(
−β
α

)n−k 1

αk
pk

(
x − b

a

))
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Example: Fibonacci and Pell polynomials

T (1 | 1− x2) Fibonacci

T

(
1

2

∣∣∣1
2
− 1

2
x2

)
Pell

T

(
1

2

∣∣∣1
2
− 1

2
x2

)
= T

(
1

2

∣∣∣1)T (1|1− x2)T

(
1
∣∣∣1
2

)

Pn(x) = Fn(2x)

Fibonacci and Chebychev of second kind polynomials

T

(
1

2

∣∣∣1
2

(1 + x2)

)
= T

(
1

2

∣∣∣− i

)
T
(

1
∣∣∣1− x2

)
T

(
1
∣∣∣ i

2

)
Un(x) = inFn(−2ix)
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Fermat and Chebychev of second kind polynomials

Fermat polynomials are F0(x) = 1, F1(x) = 3x and for n ≥ 2

Fn(x) = 3xFn−1(x)− 2Fn−2(x)

T

(
1

3

∣∣∣1
3

+
2

3
x2

)
=



1
0 3
−2 0 9
0 −12 0 27
4 0 −54 0 81
0 36 0 −216 0 243
...

...
...

...
...

...
...

. . .



T

(
1

3

∣∣∣1
3

(1 + 2x2)

)
= T

(
1
∣∣∣ 1√

2

)
T

(
1

2

∣∣∣1
2

(1 + x2)

)
T

(
2

3

∣∣∣2√2

3

)

Fn(x) = (
√

2)nUn

(
3x

2
√

2

)

Ana Luzón Polynomial sequences associated to the stochastic subgroup of the Riordan group.



The Riordan group
Classical families of polynomials.

Stochastic subgroup and its associated polynomial family.

Fermat and Chebychev of second kind polynomials

Fermat polynomials are F0(x) = 1, F1(x) = 3x and for n ≥ 2

Fn(x) = 3xFn−1(x)− 2Fn−2(x)

T

(
1

3

∣∣∣1
3

+
2

3
x2

)
=



1
0 3
−2 0 9
0 −12 0 27
4 0 −54 0 81
0 36 0 −216 0 243
...

...
...

...
...

...
...

. . .


T

(
1

3

∣∣∣1
3

(1 + 2x2)

)
= T

(
1
∣∣∣ 1√

2

)
T

(
1

2

∣∣∣1
2

(1 + x2)

)
T

(
2

3

∣∣∣2√2

3

)

Fn(x) = (
√

2)nUn

(
3x

2
√

2

)

Ana Luzón Polynomial sequences associated to the stochastic subgroup of the Riordan group.



The Riordan group
Classical families of polynomials.

Stochastic subgroup and its associated polynomial family.

Fermat and Chebychev of second kind polynomials

Fermat polynomials are F0(x) = 1, F1(x) = 3x and for n ≥ 2

Fn(x) = 3xFn−1(x)− 2Fn−2(x)

T

(
1

3

∣∣∣1
3

+
2

3
x2

)
=



1
0 3
−2 0 9
0 −12 0 27
4 0 −54 0 81
0 36 0 −216 0 243
...

...
...

...
...

...
...

. . .


T

(
1

3

∣∣∣1
3

(1 + 2x2)

)
= T

(
1
∣∣∣ 1√

2

)
T

(
1

2

∣∣∣1
2

(1 + x2)

)
T

(
2

3

∣∣∣2√2

3

)

Fn(x) = (
√

2)nUn

(
3x

2
√

2

)
Ana Luzón Polynomial sequences associated to the stochastic subgroup of the Riordan group.



The Riordan group
Classical families of polynomials.

Stochastic subgroup and its associated polynomial family.

Generalized Appell polynomials. (Boas-Buck, 1964)

(sn(x)) is a family of generalized Appell polynomials iff ∃
f , g , h ∈ K[[x ]], with f0, g0 6= 0, and hn 6= 0 for all n such that

T (f | g)h(tx) =
∑
n≥0

sn(t)xn

Moreover,

sn(x) = (pn ? h)(x), where (pn(x)),T (f | g)

sn(x) =
n∑

k=0

pn,khkxk

∑
n≥0

sn(t)xn =
∑
n≥0

(pn ? h)(t)xn =
f (x)

g(x)
h

(
t

x

g(x)

)
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Sheffer polynomials.

T (f | g)(etx) =
∑
n≥0

Sn(t)xn

= A(x)etH(x)

where A =
∑
n≥0

Anxn,H =
∑
n≥1

Hnxn with A0 6= 0, H1 6= 0.

T

(
xA

H

∣∣∣ x

H

)

Sn(x) = pn(x) ? ex =
n∑

k=0

pn,k

k!
xk , pn(x) =

n∑
k=0

pn,kxk

WARNING:

Often called a Sheffer sequence to the sequence (n!Sn(x))n∈N where
(Sn(x))n∈N is our Sheffer sequence.
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n≥0
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Pidduck and Mittag-Leffler polynomials.

Consider (Pn(x)) ∑
n≥0

Pn(t)xn = T

 x

(1− x) log
(

1+x
1−x

) ∣∣∣ x

log
(

1+x
1−x

)
 (etx )

If (Mn(x)) is given by the formula:

∑
n≥0

Mn(t)xn = T

 x

log
(

1+x
1−x

) ∣∣∣ x

log
(

1+x
1−x

)
 (etx )

Note that:

T

 x

(1− x) log
(

1+x
1−x

) ∣∣∣ x

log
(

1+x
1−x

)
 = T

(
1

1− x

∣∣∣1)T

 x

log
(

1+x
1−x

) ∣∣∣ x

log
(

1+x
1−x

)


Pn(x) =
n∑

k=0

Mk (x) ⇔ P̃n(x) =
n∑

k=0

(
n

k

)
(n − k)!M̃k (x)
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Classical families of polynomials.

Stochastic subgroup and its associated polynomial family.

Example: Laguerre polynomials.

T (−1 | x − 1)(etx) = T (1 | 1− x)T (−1 | −1)(etx) =

= T (1 | 1− x)(e−tx) =
n∑

k=0

Ln(t)xn

Ln(x) = pn(x) ? e−x =
n∑

k=0

(
n

k

)
xk ?

∑
k≥0

(−1)k

k!
xk =

n∑
k=0

(−1)k
1

k!

(
n

k

)
xk

Ln(x) = xLn−1(x) ? (− log(1− x)) + Ln−1(x)

If k ≥ 1,

Ln,k = Ln−1,k −
1

k
Ln−1,k−1

L′n(x) = L′n−1(x)− Ln−1(x) L′n(x) = −
n−1∑
k=0

Lk(x)
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Example: Hermite polynomials.∑
n≥0

Hn(t)xn = T

(
1

2ex2

∣∣∣1
2

)
(etx) =

= T

(
1

ex2

∣∣∣1)T

(
1

2

∣∣∣1
2

)
(etx) = T

(
1

ex2

∣∣∣1) (e2tx) = e2tx−x2

Hn(x) = xHn−1(x) ? ĥ(x) + fn

ĥ(x) =
∑
n≥1

2

n
xn = −2 log(1− x)

fn =

{
0, if n is odd;
(−1)

n
2

( n
2 )!

, if n is even.
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Classical families of polynomials.

Stochastic subgroup and its associated polynomial family.

Subgroups and families of polynomials.

Brenke polynomials and Appell subgroup.

(Bn(x)) is in the class of Brenke polynomials if

T (f | 1)(h(tx)) =
∑
n≥0

Bn(t)xn

T (f | 1)(etx) =
∑
n≥0

An(t)xn

T (f | 1)

(
1

1− tx

)
=
∑
n≥0

T ∗n (t)xn
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Classical families of polynomials.

Stochastic subgroup and its associated polynomial family.

Faber polynomials.

Georg Faber, ”Über polynomische Entwicklungen”, Math.
Ann., 57 (1903) 398-408

Eri Jabotinsky, Representation of functions by matrices.
Application to Faber polynomials.”(1952)

”Faber polynomials and the Faber series.”J. H. Curtis (1971)
A.M. Monthly.

Gi-Sang Cheon, Hana Kim and Louis W. Shapiro, ’An
algebraic structure for Faber polynomials.’ (2010) relate the
Faber polynomials with the Hitting-time subgroup of the
Riordan group.

Ana Luzón Polynomial sequences associated to the stochastic subgroup of the Riordan group.



The Riordan group
Classical families of polynomials.

Stochastic subgroup and its associated polynomial family.

Faber polynomials.
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Classical families of polynomials.

Stochastic subgroup and its associated polynomial family.

The Stochastic subgroup.

The stabilizer of geometric progression.

T (f | g)

(
1

1− x

)
=

1

1− x
⇔ f =

g − x

1− x

The g -stochastic triangle and its polynomial sequence.

∑
n≥0

pn(t)xn = T

(
g − x

1− x

∣∣∣g)( 1

1− xt

)
=

g − x

(1− x)(g − xt)

The associated family of polynomials, (pn(x))n∈N, of any element
of the Stochastic subgroup holds

pn(1) = 1
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Classical families of polynomials.

Stochastic subgroup and its associated polynomial family.

Proposition: Characterization of stochastic families.

(pn(x))n∈N is a stochastic family if and only if there are (gn)n∈N,
with g0 6= 0 such that

pn(x) =

(
x − g1

g0

)
pn−1(x)− g2

g0
pn−2(x) · · ·− gn

g0
p0(x)+

1

g0

(
n∑

k=0

gk − 1

)

∀n ≥ 0.

If g = 1, the element of the stochastic group is T (1 | 1), and then,
the polynomial family is pn(x) = xn.
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Stochastic subgroup and its associated polynomial family.

(1− x)-stochastic triangle

T
(

1−2x
1−x

∣∣∣1− x
)



1
0 1
−1 1 1
−2 0 2 1
−3 −2 2 3 1
−4 −5 0 5 4 1
−5 −9 −5 5 9 5 1
−6 −14 −14 0 14 14 6 1
−7 −20 −28 −14 14 28 20 7 1
−8 −27 −48 −42 0 42 2 48 27 8 1

...
...

...
...

...
...

...
...

...
...

. . .
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Classical families of polynomials.

Stochastic subgroup and its associated polynomial family.

The family of associated polynomials is given by∑
n≥0

pn(t)xn = T

(
1− 2x

1− x

∣∣∣1− x

)(
1

1− xt

)
=

1− 2x

(1− x)(1− x − xt)

pn(x) = (x + 1)pn−1(x) + 1

with p0(x) = 1. Or equivalently

pn(x) = (1 + x)n −
n−1∑
k=0

(1 + x)k
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Stochastic subgroup and its associated polynomial family.

1

1− x
-stochastic triangle

T
(

1−x+x2

(1−x)2

∣∣∣ 1
1−x

)



1
0 1
1 −1 1
1 1 −2 1
1 0 2 −3 1
1 0 −1 4 −4 1
1 0 0 −3 7 −5 1
1 0 0 1 −7 11 −6 1
1 0 0 0 4 −14 16 −7 1
1 0 0 0 −1 11 −25 22 −8 1
...

...
...

...
...

...
...

...
...

...
. . .
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The family of associated polynomials is∑
n≥0

pn(t)xn = T

(
1− x + x2

(1− x)2

∣∣∣ 1

1− x

)(
1

1− xt

)

=
1− x + x2

(1− x)(1− (1− x)xt)

pn(x) = xpn−1(x)−
n−1∑
k=0

pk(x) + n

with p0(x) = 1.
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