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3 The stochastic subgroup and its polynomial family
associated.
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K field (of characteristic zero).
Consider the ring K[[x]].
Let f € K[[x]] given by f = f(x) = >_,50 fox"

w(f)=min{neN, /f, #0}

If f =0, we said that the order of f is co.

metric space

(K[[x]], d) is a complete ultrametric space where

d(fvg) = f,g € K[[X]]

2w(f-g)’
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K field (of characteristic zero).
Consider the ring K[[x]].
Let f € K[[x]] given by f = f(x) = >_,50 fox"

w(f)=min{neN, /f, #0}

If f =0, we said that the order of f is co.

metric space

(K[[x]], d) is a complete ultrametric space where

d(fvg) = f,g € K[[X]]

2w(f-g)’

In the previous formula we understand that 2%.0 = 0.
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The elements of the Riordan group

f=Ff(x)=) fx", g=g(x) =) gx", with fo, g # 0,

n>0 n>0

D e R7 T(f | g) =D= (dn,k)n,kGN

Ifj>n,  dpj=0
Ifj=0, dno=dn,d=L=3 _;dux"
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The elements of the Riordan group

f=Ff(x)=) fx", g=g(x) =) gx", with fo, g # 0,

n>0 n>0

D e R7 T(f | g) =D= (dn,k)n,kGN

Ifj>n,  dpj=0
Ifj=0, dno=dn,d=L=3 _;dux"

1 2
dno = _g*dnfl,o -& h—2,0"" — &do,o +
8o &0 &o

E
80
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The Riordan group

The elements of the Riordan group

f=Ff(x)=) fx", g=g(x) =) gx", with fo, g # 0,

n>0 n>0

D e R7 T(f | g) =D= (dn,k)n,kGN

Ifj>n,  dpj=0
Ifj=0, dno=dn,d=L=3 _;dux"

n fa
dno = —anfl,o -& h—2,0"" — g*do,o +—
&0 8o 8o 80
Ifj>0
dp—1j—
dpj= —édnfu anfzj L _ &y J+ In-lyj—-1
&o &o &o 8o
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The Riordan group

f(x)x*
R = {T(f | g) = (dni)nken / dnk = [x*] g"(“)(x)}
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The Riordan group

f(x)x*
R = {T(f | g) = (dni)nken / dnk = [x*] g"(“)(x)}

T(h|e)T(h|&)=T(h @) T(h|&)=T ("1’5 (2) L <gx>>

(T 17 =T (oo ) o=
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The Riordan group

f(x)x*
R = {T(f | g) = (dni)nken / dnk = [x*] g"(“)(x)}

T(h|e)T(h|&)=T(h @) T(h|&)=T ("1’5 (2) L <gx>>

(R,") is the Riordan group
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The Riordan group

T(flg): (K[x|],d) — (K[[], d)
h = T(flg)(h) =

h(z)
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The Riordan group

T(flg): (K[x].d) — (K[[], d)
b T(Flg)h) = Lh(%)

()= ()
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Pascal’s triangle.

P=T@|1-x)=

e i
A W=
S W =

—_
o
=
o
1l =
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po(x) =1, pi(x) = 1+x,
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Pascal’s triangle.

P=T@|1-x)=

e i
A W=
S W =

—_
o
=
o
1l =
—_

po(x) =1, pi(x) =14x, pa(x) = 1+2x+x* = (1+x)?,
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The Riordan group

Pascal’s triangle.

P=T@|1-x)=

e i
A W=
S W =

—_
o
=
o
1l =
—_

po(x) =1, pi(x) =14x, pa(x) = 1+2x+x* = (1+x)?,

pn(x) = (x + 1)pn-1(x)
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The Riordan group

Pascal’s triangle.

P=T@|1-x)=

e i
A W=
S W =

—_
o
—_
o
1l =
—_

po(x) =1, pi(x) =14x, pa(x) = 1+2x+x* = (1+x)?,

pr(x) = (x + pa-1(x) = (x +1)"
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Classical families of polynomials.

Fibonacci polynomials.

Fo(x) =1, Fi(x)=x, F(x)=1 +x2, F3(x) = 2x +x3,. -
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Fibonacci polynomials.

Fo(x) =1, Fi(x)=x, F(x)=1 +x2, F3(x) = 2x +x3,. -

T(11-x%) =

O OR O
WO N O R
o wo

» O

o

—

Fo(x) = xFp_1+ Fo—p for n>2
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Classical families of polynomials.

Fibonacci polynomials.

Fo(x) =1, Fi(x)=x, F(x)=1 +x2, F3(x) = 2x +x3,. -

T(11-x%) =

O OR O
WO N O R
o wo

» O

o

—

Fo(x) = xFp_1+ Fo—p for n>2

SR =T =) (25 ) = T

n>0
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Classical families of polynomials.

Pell polynomials.

Po(X) = 1 = F0(2X),
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Pell polynomials.

Po(x) =1 = Fo(2x), Pi(x) = 2x = F1(2x),
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Classical families of polynomials.

Pell polynomials.

Po(x) = 1 = Fy(2x), Pi(x) = 2x = F1(2x), Pa(x) = 14+4x2 = F(2x), - --
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Classical families of polynomials.

Pell polynomials.

Po(x) = 1 = Fy(2x), Pi(x) = 2x = F1(2x), Pa(x) = 14+4x2 = F(2x), - --

1
0 2
11 1 L0 4
T‘_x2)_ 04 0 8
(222 10 12 0 16
0 6

0 32 0 32

Ana Luzén Polynomial sequences associated to the stochastic subgroup of



Classical families of polynomials.

Pell polynomials.

Po(x) = 1 = Fy(2x), Pi(x) = 2x = F1(2x), Pa(x) = 14+4x2 = F(2x), - --

1
0 2
11 1 L0 4
T ‘_Xz)_ 04 0 8
(222 10 12 0 16
06 0 32 0 32

Pa(x) = 2xPy_1(x) + Pa_2(x),
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Classical families of polynomials.

Pell polynomials.

Po(x) = 1 = Fy(2x), Pi(x) = 2x = F1(2x), Pa(x) = 14+4x2 = F(2x), - --

1
0 2
11 1 L0 4
T ‘_Xz)_ 04 0 8
(222 10 12 0 16
06 0 32 0 32

Pn(x) = 2xPp_1(x) + Pa—2(x), Pn(x) = Fn(2x)
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Classical families of polynomials.

Polynomials of Riordan type

Definition. (p,(x))nen is a polynomial sequence of Riordan type if
(dn,k)nkeN is an element of the Riordan group.

pn(x) = Z dokx®, with neN
k=0
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Classical families of polynomials.

Polynomials of Riordan type

Definition. (p,(x))nen is a polynomial sequence of Riordan type if
(dn,k)nkeN is an element of the Riordan group.

pn(x) = Z dokx®, with neN
k=0

do,o 1
dio  dia t
do d1 o t?
n
T(flg) ( ) = : : : - : — pn(t)x*
1—xt . . . . . =0
dno  dn1 dp2 -+ dan t"
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Classical families of polynomials.

Polynomials of Riordan type

Definition. (p,(x))nen is a polynomial sequence of Riordan type if
(dn,k)nkeN is an element of the Riordan group.

pn(x) = Z dokx®, with neN
k=0

do,o 1
dio  dia f2
do d1 o t
n
. . . . . P
T(f = . . . . . = pn(t)x
o (=)= © B EDT
dno  dn1 dp2 -+ dan t" -

> palt)et = (10 (22) = s 2
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Classical families of polynomials.

Umbral Composition

f:Zf,,x"7 g:Zan”, I:ZI,,X", m:Zmnx”

n>0 n>0 n>0 n>0

Ana Luzén Polynomial sequences associated to the stochastic subgroup of



Classical families of polynomials.

Umbral Composition

f:Zf,,x"7 g:Zan”, I:ZI,,X", m:Zmnx”

n>0 n>0 n>0 n>0

T(flg) = (Pn.k)nken T(I/m) = (qn,k)nken

Ana Luzén Polynomial sequences associated to the stochastic subgroup of



Classical families of polynomials.

Umbral Composition

f:Zf,,x"7 g:Zan”, I:ZI,,X", m:Zmnx”

n>0 n>0 n>0 n>0

T(flg) = (Pn.k)nken T(I/m) = (qn,k)nken

(Pn(x))nen, (qn(x))nen
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Classical families of polynomials.

Umbral Composition

f:Zf,,x"7 g:Zan”, I:ZI,,X", m:Zmnx”

n>0 n>0 n>0 n>0

T(flg) = (Pn.k)nken T(I/m) = (qn,k)nken
(Pn(x))nen, (Gn(x))nen

(Pn(x))nen £ (Gn(x))nen = (ra(x))nen
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Classical families of polynomials.

Umbral Composition

f:Zf,,x"7 g:Zan”, I:ZI,,X", m:Zmnx”

n>0 n>0 n>0 n>0

T(flg) = (Pn.k)nken T(I/m) = (qn,k)nken
(Pn(x))nen, (Gn(x))nen

(Pn(x))nen £ (Gn(x))nen = (ra(x))nen

(i) TCm) = 7 (1 (%) am (£)) = Casdnsen
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Classical families of polynomials.

Umbral Composition

f:Zf,,x"7 g:Zan”, I:ZI,,X", m:Zmnx”

n>0 n>0 n>0 n>0

T(flg) = (Pn.k)nken T(I/m) = (qn,k)nken
(Pn(x))nen, (Gn(x))nen

(Pn(x))nen £ (Gn(x))nen = (ra(x))nen

(i) TCm) = 7 (1 (%) am (£)) = Casdnsen

n

ra(x) =Y Prkr(x)

k=0
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Classical families of polynomials.

Recurrence of polynomials family.

Let D = (dpj)njen be anil.t.m. D is a Riordan matrix iff 3 (f,)
and (gn), g0 # 0
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Classical families of polynomials.

Recurrence of polynomials family.

Main theorem
Let D = (dpj)njen be anil.t.m. D is a Riordan matrix iff 3 (f,)

and (gn), g0 # 0

- n fn
i) = (X gl) Pr-s) — Epy 20— B+ 2 wnz o0

8o
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Classical families of polynomials.

Recurrence of polynomials family.

Main theorem
Let D = (dpj)njen be anil.t.m. D is a Riordan matrix iff 3 (f,)
and (gn), g0 # 0

X — g1 & &n fa
n(X) = n—1(X) — —pp—2(x) - — —po(x) + — Vn >0
Pn(x) ( p >p 1(x) %" 2(x) gopo() =

Moreover D = T(f | g) where f =3_ - f,x" and
g = ano ann.
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Classical families of polynomials.

Consider T(f | g) with (pa(x)),
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Classical families of polynomials.

Consider T(f | g) with (pna(x)), let

h(x) = ho + hix 4 hax® + - 4 hypx™

be a m degree polynomial, h, # 0,
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Classical families of polynomials.

Proposition.
Consider T(f | g) with (pna(x)), let

h(x) = ho + hix 4 hax® + - 4 hypx™

be a m degree polynomial, h, # 0, and T(h | 1)T(f | g) with
(an(x)).

Ana Luzén Polynomial sequences associated to the stochastic subgroup of



Classical families of polynomials.

Proposition.
Consider T(f | g) with (pna(x)), let

h(x) = ho + hix 4 hax® + - 4 hypx™

be a m degree polynomial, h, # 0, and T(h | 1)T(f | g) with
(gn(x)). Then
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Classical families of polynomials.

Proposition.
Consider T(f | g) with (pna(x)), let

h(x) = ho + hix 4 hax® + - 4 hypx™

be a m degree polynomial, h, # 0, and T(h | 1)T(f | g) with
(gn(x)). Then

qo(x) = hopo(x),
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Classical families of polynomials.

Proposition.
Consider T(f | g) with (pna(x)), let

h(x) = ho + hix 4 hax® + - 4 hypx™

be a m degree polynomial, h, # 0, and T(h | 1)T(f | g) with
(gn(x)). Then

qo(x) = hopo(x), qi(x) = h1po(x) + hopi(x), ---
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Classical families of polynomials.

Proposition.
Consider T(f | g) with (pna(x)), let

h(x) = ho + hix 4 hax® + - 4 hypx™

be a m degree polynomial, h, # 0, and T(h | 1)T(f | g) with
(gn(x)). Then

qo(x) = hopo(x), qi(x) = h1po(x) + hopi(x), ---

Gm(X) = Ampn—m(x) + - + hopm(x)
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Classical families of polynomials.

Proposition.
Consider T(f | g) with (pna(x)), let

h(x) = ho + hix 4 hax® + - 4 hypx™

be a m degree polynomial, h, # 0, and T(h | 1)T(f | g) with
(gn(x)). Then

qo(x) = hopo(x), qi(x) = h1po(x) + hopi(x), ---

qm(X) = hmpn—m(X) + e+ hOPm(X)
Ifn>m
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Classical families of polynomials.

Proposition.
Consider T(f | g) with (pna(x)), let

h(x) = ho + hix 4 hax® + - 4 hypx™

be a m degree polynomial, h, # 0, and T(h | 1)T(f | g) with
(gn(x)). Then

qo(x) = hopo(x), qi(x) = h1po(x) + hopi(x), ---

qm(X) = hmpn—m(X) + e+ hOPm(X)
Ifn>m
qn(X) = hmpn—m(x) + o F hOPn(X)

Ana Luzén Polynomial sequences associated to the stochastic subgroup of



Classical families of polynomials.

Chebyshev polynomials of second kind.

Up(x) = 1, Ur(x) = 2x, Ua(x) = 4x> — 1, Us(x) =8x> —4x, ---
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Classical families of polynomials.

Chebyshev polynomials of second kind.

Up(x) = 1, Ur(x) = 2x, Ua(x) = 4x> — 1, Us(x) =8x> —4x, ---

If n>2
Un(x) = 2xUp—1(x) — Un—2(x)
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Classical families of polynomials.

Chebyshev polynomials of second kind.

1
0 2
111 1 -1 0 4
U:T(22+2X2): 0 -4 0 8
1 0 —-12 0 16

Ana Luzén Polynomial sequences associated to the stochastic subgroup of



Classical families of polynomials.

Chebyshev polynomials of second kind.

1
0 2
111 1 -1 0 4
v=T(3l3+37) =] 0 4 o s

o (Ll 1l 1\ _ 1
D Un(t)x T<2‘2+2X>(1—xt)1+x2—2xt

n>0
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Classical families of polynomials.

Chebyshev polynomials of first kind*.

To(x) =1, Ti(x) =x, Ta(x) = 2x2 — 1, T3(x) = 4x3 —3x, -
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Classical families of polynomials.

Chebyshev polynomials of first kind*.

To(x) =1, Ti(x) =x, Ta(x)=2x*> -1, T3(x) =4x> —3x, ---
and for n > 2

Ta(x) = 2xTh_1(x) — Th—2(x)

Ana Luzén Polynomial sequences associated to the stochastic subgroup of



Classical families of polynomials.

Chebyshev polynomials of first kind*.

To(x) =1, Ti(x) =x, Ta(x)=2x*> -1, T3(x) =4x> —3x, ---
and for n > 2

Ta(x) = 2xTh_1(x) — Th—2(x)
Tal) = 2xTo(x), Talx) = 27130 — Tolx) — 3.

Toa(x) = Ta(x) n>1
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Classical families of polynomials.

Chebyshev polynomials of first kind*.

To(x) =1, Ti(x) =x, Ta(x)=2x*> -1, T3(x) =4x> —3x, ---
and for n > 2

Ta(x) = 2xTh_1(x) — Th—2(x)

= 1

To(x) = 5. Tax) = 2xTo(x), Ta(x) = 2xTa(x) = To(x) — 5.

N

Toa(x) = Ta(x) n>1

and for n >3

Ta(x) = 2xTp_1(x) — Th_2(x)

Ana Luzén Polynomial sequences associated to the stochastic subgroup of



Classical families of polynomials.

O NI
_
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Classical families of polynomials.

1
2
0 1
1 lﬂl 1, -10 2
- — =Xz +=x" | =
4 4 1272 -3 0 4
0 -8 0 8

e (1 1,1 1, 1\ 1 1-x
2 Tolt)x" = T<4 AR ) (1_tx> = 3T 2
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Classical families of polynomials.

1
2
0 1
1 1.1 1 -1 0 2
T7_72‘7 1.2 _
<44X22X) -3 0 4
0 -8 0 8

e (1 1,1 1, 1 1 1-x2
2 Talt)x —T<4 4X\2+2X)<1_tx>—21+x2_2tx

S To(t)x" = % Y T = — 2

2 _
>0 >0 1+ x 2tx
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Classical families of polynomials.

1 1,1 1 11 11 1
T(>-x?z4+22) =T 7772‘1T77 232
(4 e 2+2X) (2 2" 212 72"
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Classical families of polynomials.

1 11 1o\ (1 15 1, 1o
T<4 e 2+2X)_T<2 2 ‘1>T<22+2
To(x) ; Un(x)
Ti(x) 6 1 U(x)
T2(x) -3 0 3 Ua(x)
T3(x) | = 0 -3 0 3 Us(x)
Ta(x) o 0 -3 0 3 1 Ua(x)
7-5(X) O O 0 -3 0 3 U5.(X)
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Classical families of polynomials.

1 1ol 1oy _ (1 15, LN
T<4 e 2+2X)_T<2 2 ‘1>T<22+2
To(x) 3 Uo(x)
Ti(x) o 1 U(x)
T2(x) -3 0 3 X Ua(x)
T _ 0 -5 O = Us(x
S Il I N i
= o 0 o -1 o i Us(x)
Ts(x) 2 2 5.

- 1 1

Ta(x) = —EUn,z(X) + EU,,(X)
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Classical families of polynomials.

1 1ol 1oy _ (1 15, LN
T<4 e 2+2X)_T<2 2 ‘1>T<22+2
To(x) 3 Uo(x)
Ti(x) o 1 U(x)
T2(x) -3 0 3 X Ua(x)
T _ 0 -5 O = Us(x
S Il I N i
= o 0 o -1 o i Us(x)
Ts(x) 2 2 5.

- 1 1

Ta(x) = —EUn,z(X) + EU,,(X)
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Classical families of polynomials.

1 1ol 1oy _ (1 15, LN
T<4 e 2+2X)_T<2 2 ‘1>T<22+2
To(x) 3 Uo(x)
Ti(x) o 1 U(x)
T2(x) -3 0 3 X Ua(x)
T _ 0 -5 O = Us(x
S Il I N i
= o 0 o -1 o i Us(x)
Ts(x) 2 2 5.

- 1 1

Ta(x) = —EUn,z(X) + EU,,(X)
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Classical families of polynomials.

Let f = Z fx", g = Zg,,x” be two power series such that
n>0 n>0

fo #0, go # 0. Suppose that (p,(x))nen is the associated
polynomial sequence of the Riordan array T(f | g), then
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Classical families of polynomials.

Let f = Z fx", g = Zg,,x” be two power series such that
n>0 n>0

fo #0, go # 0. Suppose that (p,(x))nen is the associated
polynomial sequence of the Riordan array T(f | g), then
(a) If (gn(x))nen is the associated sequence to T(fg | g) we obtain

Gn(x) = xpp—1(x) +f, if n>1

and qo(x) = fo.
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Classical families of polynomials.

Let f = Z fx", g = Zg,,x” be two power series such that
n>0 n>0

fo #0, go # 0. Suppose that (p,(x))nen is the associated
polynomial sequence of the Riordan array T(f | g), then
(a) If (gn(x))nen is the associated sequence to T(fg | g) we obtain

Gn(x) = xpp—1(x) +f, if n>1

and qo(x) = fo.
(b) If (ra(x))nen is the associated polynomial sequence to

T <;}g> then

Pn(x) — Pn(0)

Ana Luzén Polynomial sequences associated to the stochastic subgroup of

rn—1(x) = for n>1




Classical families of polynomials.

Corollary
Suppose g = Zg,,x" with go # 0. Let (pn(x))nen be the pol.
n>0

seq. ass. to T(1 | g)
(gn(x))nen that associated to T(g | g).

Gn(x) = xpp—1(x) for n>1 and qo(x) =1

Ana Luzén Polynomial sequences associated to the stochastic subgroup of



Classical families of polynomials.

Morgan-Voyce polynomials.

1

2 1

3 4 1

4 10 6 1

5 20 21 8 1

Bo(x) = 1, Bi(x) = 2+4x, Ba(x) = 3+4x+x2, - - -
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Classical families of polynomials.

Morgan-Voyce polynomials.

1 1

2 1 1 1

3 4 1 1 3 1

4 10 6 1 1 6 5 1

5 20 21 8 1 1 10 15 7 1

Bo(x) = 1, Bi(x) = 2+4x, Ba(x) = 3+4x+x2, - - - bo(x) =1, by(x) = 14x, by(x) = 1+3x+x°, - - -
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Classical families of polynomials.

Morgan-Voyce polynomials.

1 1
2 1 1 1
3 4 1 1 3 1
4 10 6 1 1 6 5 1
5 20 21 8 1 1 10 15 7 1
Bo(x) = 1, Bi(x) = 2+4x, Ba(x) = 3+4x+x2, - - - bo(x) =1, by(x) = 14x, by(x) = 1+3x+x°, - - -

Bn(x) = (x +2)Bp_1(x) = Ba—2(x) bn(x) = (x +2)bp_1(x) — by—2(x)

Ana Luzén Polynomial sequences associated to the stochastic subgroup of




Classical families of polynomials.

Morgan-Voyce polynomials.

1 1
2 1 1 1
3 4 1 1 3 1
4 10 6 1 1 6 5 1
5 20 21 8 1 1 10 15 7 1
Bo(x) = 1, Bi(x) = 2+4x, Ba(x) = 3+4x+x2, - - - bo(x) =1, by(x) = 14x, by(x) = 1+3x+x°, - - -

Bn(x) = (x +2)Bp_1(x) = Ba—2(x) bn(x) = (x +2)bp_1(x) — by—2(x)

. o 1N 1
ZBn(t)X =Taia ) )<lfxt) B 1— 2+ t)x+x2

n>0
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Classical families of polynomials.

Morgan-Voyce polynomials.

Bo(x) =1, Bi(x) = 2+x, Ba(x) = 3+ax4x2, - bo(x) =1, bi(x) = 1+x, bo(x) = 143x4x%, -
Bn(x) = (x +2)Br—1(x) = Bp—2(x)  bn(x) = (x + 2)bn_1(x) = bp—2(x)

. o 1N 1
3 Eu(x” = Tal - ) (12— ) - —

>0 1—xt 2 + t)x + x2

3 bnle)” = T = <l =) (=) —
—x|(1—x =

=0 " 1 — xt 1—(2+ t)x+x2
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Classical families of polynomials.

Morgan-Voyce polynomials.

1 1

2 1 1 1

3 4 1 1 3 1

4 10 6 1 1 6 5 1

5 20 21 8 1 1 10 15 7 1

Bo(x) =1, Bi(x) = 2+x, Ba(x) = 3+ax4x2, - bo(x) =1, bi(x) = 1+x, bo(x) = 143x4x%, -
Bn(x) = (x +2)Br—1(x) = Bp—2(x)  bn(x) = (x + 2)bn_1(x) = bp—2(x)

. o 1N 1
S (0" = Tl ) (1= ) = 1

250 1—xt 2 + t)x + x?
3 bnle)” = T = <l =) (=) —

—x|(1 —x =
=0 " 1 — xt 1—(2+ t)x+x2

Bn(x) = (x +1)Ba—1(x) + bp—1(x)
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Classical families of polynomials.

Morgan-Voyce polynomials.

1 1

2 1 1 1

3 4 1 1 3 1

4 10 6 1 1 6 5 1

5 20 21 8 1 1 10 15 7 1

Bo(x) =1, Bi(x) = 2+x, Ba(x) = 3+ax4x2, - bo(x) =1, bi(x) = 1+x, bo(x) = 143x4x%, -
Bn(x) = (x +2)Br—1(x) = Bp—2(x)  bn(x) = (x + 2)bn_1(x) = bp—2(x)

. o 1N 1
S (0" = Tl ) (1= ) = 1

250 1—xt 2 + t)x + x?
3 bnle)” = T = <l =) (=) —

—x|(1 —x =
=0 " 1 — xt 1—(2+ t)x+x2

Bn(x) = (x +1)Ba—1(x) + bp—1(x)

bn(x) = xBp—1(x) + bp—1(x)
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Classical families of polynomials.

Morgan-Voyce polynomials.

1 1

2 1 1 1

3 4 1 1 3 1

4 10 6 1 1 6 5 1

5 20 21 8 1 1 10 15 7 1

Bo(x) =1, Bi(x) = 2+x, Ba(x) = 3+ax4x2, - bo(x) =1, bi(x) = 1+x, bo(x) = 143x4x%, -
Bn(x) = (x +2)Br—1(x) = Bp—2(x)  bn(x) = (x + 2)bn_1(x) = bp—2(x)

. o 1N 1
S (0" = Tl ) (1= ) = 1

250 1—xt 2 + t)x + x?
3 bnle)” = T = <l =) (=) —

—x|(1 —x =
=0 " 1 — xt 1—(2+ t)x+x2

Bn(x) = (x +1)Ba—1(x) + bp—1(x)
bn(x) = xBp—1(x) + bp—1(x)

Bn(x) — Bp—1(x) = bn(x)
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Classical families of polynomials.

Morgan-Voyce polynomials.

1 1

2 1 1 1

3 4 1 1 3 1

4 10 6 1 1 6 5 1

5 20 21 8 1 1 10 15 7 1

Bo(x) =1, Bi(x) = 2+x, Ba(x) = 3+ax4x2, - bo(x) =1, bi(x) = 1+x, bo(x) = 143x+x2,
Bn(x) = (x +2)Br—1(x) = Bp—2(x)  bn(x) = (x + 2)bn_1(x) = bp—2(x)

S (0" = Tl -0 (2 ):17( !

250 1—xt 2 + t)x + x?
3 bnle)” = T = <l =) (=) —

—x|(1 —x =
=0 " 1 — xt 1—(2+ t)x+x2

Bn(x) = (x + 1)Bp—1(x) + bp—1(x)
bn(x) = xBp—1(x) + bp—1(x)
Bn(x) — Bp—1(x) = bn(x)

bn(x) = bp—1(x) = xBp_1(x)
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Classical families of polynomials.

Morgan-Voyce polynomials

TAI(1-x)?%)  (Ba(x)
T(1=x(1-x)?%)  (ba(x))

Bn(x) — Bh—1(x) = bp(x)
bn(x) — bp—1(x) = xBn—1(x)

T(1=x[1)T(L|(1 - x)*) = T(1 - x|(1 - x)?)
T(1=x1)T(1 = x|(1 = x)?) = T((1 - x)*[(1 - x)?)
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Classical families of polynomials.

Proposition.

Let T(f | g) and T(/| m) be two element of the Riordan group.
Suppose that (pn(x)) and (gn(x)) are the corresponding associated
families of polynomials.

TU|m)=T(y|a+Bx)T(f | g)T(c|a+ bx)
where o, 7y, a,c # 0. Then

o0= 35 (5 (2) e (3)

k=0
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Classical families of polynomials.

Example: Fibonacci and Pell polynomials

T(1|1— x?) Fibonacci
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Classical families of polynomials.

Example: Fibonacci and Pell polynomials

111 1
_ 2 . - Iz _ = 2
T(1]1—x?) Fibonacci T (2 Tl o ) Pell
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Classical families of polynomials.

Example: Fibonacci and Pell polynomials

111 1
T(1]1— x?) Fibonacci T ( o X2> Pell

(- oo i)
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Classical families of polynomials.

Example: Fibonacci and Pell polynomials

11 1
T(1]1— x?) Fibonacci T( %)

11 1,
T(J22X>
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Classical families of polynomials.

Example: Fibonacci and Pell polynomials

111 1
2\ Ei ; L
T(1]1— x*) Fibonacci T<22 2x)PeII
1
T(:z
<2

;;%) = (2‘ > 1|1x)T<1 ;)

P.(x) = Fp(2x)

Fibonacci and Chebychev of second kind polynomials
11 1 . ) i
T(2 (L +x )>T<2’/>T(1’1X)T<1’2>
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Classical families of polynomials.

Example: Fibonacci and Pell polynomials

111 1
2\ Ei ; L
T(1]1— x*) Fibonacci T<22 2x)PeII
1
T(:z
<2

;;%) = (2‘ > 1|1x)T<1 ;)

P.(x) = Fp(2x)

Fibonacci and Chebychev of second kind polynomials
11 1 . ) i
T(2 (L +x )>T<2’/>T(1’1X)T<1’2>

Un(x) = i"Fp(—2ix)
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Classical families of polynomials.

Fermat and Chebychev of second kind polynomials

Fermat polynomials are Fo(x) = 1, F1(x) = 3x and for n > 2

]:n(X) = 3X]:n71(x) - 2]:”72()()

1
0 3
111 2 2 09
T ’+X2>_ 0 —-12 0 27
(33 3 4 0 -5 0 81
0 3 0 -216 0 243
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Classical families of polynomials.

Fermat and Chebychev of second kind polynomials

Fermat polynomials are Fo(x) = 1, F1(x) = 3x and for n > 2

]:n(X) = 3X]:n71(x) - 2]:”72()()

1
0 3
111 2 2 09
T ’+X2>_ 0 —-12 0 27
(33 3 4 0 -5 0 81
0 3 0 -216 0 243

(foea) -7 (1) 7 (s ) (35
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Classical families of polynomials.

Fermat and Chebychev of second kind polynomials

Fermat polynomials are Fo(x) = 1, F1(x) = 3x and for n > 2

]:n(X) = 3X]:n71(x) - 2]:”72()()

1
0 3
111 2 2 09
T ’+X2>_ 0 —-12 0 27
(33 3 4 0 -5 0 81
0 3 0 -216 0 243

r(Yraaa) =7 (4 5) (3 1(1+Xz))r(§2f>

Falx) = (V2)"U, (;X@)
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Classical families of polynomials.

Generalized Appell polynomials. (Boas-Buck, 1964)

(sn(x)) is a family of generalized Appell polynomials iff 3
f,g,h e K[[x]], with fo,g0 # 0, and h,, # 0 for all n such that

T(f | g)h(tx) = sa(t)x"

n>0
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Classical families of polynomials.

Generalized Appell polynomials. (Boas-Buck, 1964)

(sn(x)) is a family of generalized Appell polynomials iff 3
f,g,h e K[[x]], with fo,g0 # 0, and h,, # 0 for all n such that

T(f | g)h(tx) = sa(t)x"

n>0

Moreover,

sn(x) = (Pnx h)(x), ~ where (p(x)), T(f | &)
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Classical families of polynomials.

Generalized Appell polynomials. (Boas-Buck, 1964)

(sn(x)) is a family of generalized Appell polynomials iff 3
f,g,h e K[[x]], with fo,g0 # 0, and h,, # 0 for all n such that

T(f | g)h(tx) = sa(t)x"

n>0

Moreover,

sn(x) = (Pnx h)(x), ~ where (p(x)), T(f | &)

n
X) =Y Pnxhix®
k=0
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Classical families of polynomials.

Generalized Appell polynomials. (Boas-Buck, 1964)

(sn(x)) is a family of generalized Appell polynomials iff 3
f,g,h e K[[x]], with fo,g0 # 0, and h,, # 0 for all n such that

T(f | g)h(tx) = sa(t)x"

n>0

Moreover,

sn(x) = (Pnx h)(x), ~ where (p(x)), T(f | &)

X) = zn:Pn,kthk
k=0
S sn(t)x" = Yo+ AN = 00 (125

n>0 n>0 g(x) @
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Classical families of polynomials.

Sheffer polynomials.
T(f|g)(e™) = Sa(t)

n>0
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Classical families of polynomials.

Sheffer polynomials.
T(f | g)(e™) =) Sa(t)x" = A(x)et)

n>0

where A=Y " A.x",H =" H,x" with Ay # 0, Hy # 0.

n>0 n>1
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Classical families of polynomials.

Sheffer polynomials.
T(f | g)(e™) =) Sa(t)x" = A(x)et)

n>0

where A=Y " A.x",H =" H,x" with Ay # 0, Hy # 0.

n>0 n>1

XA | x
T<H\H>
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Classical families of polynomials.

Sheffer polynomials

T(F | 8)(e%) = D Salt)x" = A(x)e™ )

n>0

where A=Y " A.x",H =" H,x" with Ay # 0, Hy # 0.

n>0 n>1
XA | x
(5|5
()
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Classical families of polynomials.

Sheffer polynomials

T(F | 8)(e%) = D Salt)x" = A(x)e™ )

n>0

where A=Y " A.x",H =" H,x" with Ay # 0, Hy # 0.

n>0 n>1
XA | x
(5|5
()

0% Pn,k .
Sn(x) = pa(x) x " = ar ka7 pn(x) = an,kxk
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Classical families of polynomials.

Sheffer polynomials

T(f|g)(e™) = Sa(t) (x)et)

n>0
where A=Y " A.x",H =" H,x" with Ay # 0, Hy # 0.
n>0 n>1
XA | x
T 7‘7
(%)
Salx) = palx) k€ = 3 BB py(x) = 3 pnsext

k=0

WARNING

Often called a Sheffer sequence to the sequence (n!S,(x))nen wWhere
(Sn(x))nen is our Sheffer sequence.
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Classical families of polynomials.

Pidd and Mittag-Leffler polynomials.

Consider (Pp(x))

fézopn(t)x =T @ 7x)log(11i7>;) )|°g(1ti)

ial sequences associ: stic subgroup of




Classical families of polynomials.

Pidduck and Mittag-Leffler polynomials.

Consider (Pp(x))

> Pa()x" =

) (1 —x)log (£) ’bg (&)

If (Mp(x)) is given by the formula:

n __ X X X
EMn(t)x ’T(img(ux)‘img(l ))(er)

Ana Luzén Polynomial sequences associated to the stochastic subgroup of




Classical families of polynomials.

Pidduck and Mittag-Leffler polynomials.

Consider (Pp(x))

> Pa()x" =

) (1 —x)log (£) ’bg (&)

If (Mp(x)) is given by the formula:

n __ X X X
EMn(t)x ’T(img(ux)‘img(l ))(er)

Note that:

T((l—x)loxg( )‘Iog(j“)) - T(%P) T(bg(xux) ‘log(ux))
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Classical families of polynomials.

Pidduck and Mittag-Leffler polynomials.

Consider (Pp(x))
nzzjopn(:)xn =T <(1 e () )log =) ) ()

If (Mp(x)) is given by the formula:

et A )™
fg’Mn(t)X 7T(|og(1+x)‘log(11i§)>(et)

Note that:

(mmim) - & (i)

n n

Pl = M) & Pal) =3 (]) (0 = K0¥hc(x)

k=0 k=0
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Classical families of polynomials.

Example: Laguerre polynomials.
T(-1[x=1)(e") =T |1-x)T(-1] -1)(e™) =

T(1]1-x)(e ) ZL (t)x
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Classical families of polynomials.

Example: Laguerre polynomials.
T(-1[x=1)(e") =T |1-x)T(-1] -1)(e™) =

T(1]1-x)(e ) ZL (t)x

n

) = e = Z (Z)xk £3 (_kll)kxk _ Z(—l)k% (Z)xk

k=0 k>0 ’ k=0
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Classical families of polynomials.

Example: Laguerre polynomials.
T(-1[x=1)(e") =T |1-x)T(-1] -1)(e™) =

T(1]1-x)(e ) ZL (t)x

) = e = Z (Z)xk £3 (_kll)kxk _ kzi;(—l)kkl! (Z)xk

k=0 k>0

La(x) = xLy—1(x) * (= log(1 — x)) + L,—1(x)
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Classical families of polynomials.

Example: Laguerre polynomials.
T(-1[x=1)(e") =T |1-x)T(-1] -1)(e™) =

T(1]1-x)(e ) ZL (t)x

n n _ k n n
Lo(x) = pa(x) x e = Z (k)xk *Z ( kll) xk = Z(—l)k% (k)xk
k=0 k>0 k=0
La(x) = xLy—1(x) * (= log(1 — x)) + L,—1(x)
If Kk > 1,

1
Lpk=Lo—1,k — ELnfl,kfl
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Classical families of polynomials.

Example: Laguerre polynomials.
T(-1[x=1)(e") =T |1-x)T(-1] -1)(e™) =

T(1]1-x)(e ) ZL (t)x

n n _ k n n
Lo(x) = pa(x) x e = Z (k)xk *Z ( kll) xk = Z(—l)k% (k)xk
k=0 k>0 k=0
La(x) = xLy—1(x) * (= log(1 — x)) + L,—1(x)
If Kk > 1,

1
Lpk=Lo—1,k — ELnfl,kfl

Lo(x) = L1 (x) = La-a(x)
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Classical families of polynomials.

Example: Laguerre polynomials.
T(-1[x=1)(e") =T |1-x)T(-1] -1)(e™) =

T(1]1-x)(e ) ZL (t)x

) = e = Z (Z)xk £3 (_kll)kxk _ kzi;(—l)kkl! (Z)xk

k=0 k>0

La(x) = xLy—1(x) * (= log(1 — x)) + L,—1(x)

If k>1, )
Lpk=Lo—1,k — ELnfl,kfl
n—1
Lo(x) =Ly 1(x) = Lo—a(x)  Lp(x) = =) Li(x)
k=0
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Classical families of polynomials.

Example: Hermite polynomials.
H,(t)x"=T lxz
2e

n>0

)R- (2

N
N——
—
(0]

g
SN—r

1
—T(2
eX
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Classical families of polynomials.

Example: Hermite polynomials.
1
S Hilex" =T ) (e -

XZ
=0 2e

}1 txy i 2tx\ __ 2tx—x
1>T<22>(e )T(ele>(e )=e

Ho(x) = xHn_1(x) * h(x) + f,

[ay

N

S

2

1
—T(2
eX
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Classical families of polynomials.

Example: Hermite polynomials.

> Ha(t)x"=T L > (e) =
_T (el

[ay

N

S

2

=0 2e
2
1> (e2tx) _ e2tx7x

)R- (:

Ho(x) = xHn_1(x) * h(x) + f,

h(x) = Z %x” = —2log(1 — x)

n>1
0, if nis odd;
fn = ((_HI;'E, if nis even.
o)1

Ana Luzén Polynomial sequences associated to the stochastic subgroup of



Classical families of polynomials.

Subgroups and families of polynomials.

Brenke polynomials and Appell subgroup.

(Bn(x)) is in the class of Brenke polynomials if

T(f [ 1)(h(tx)) = > Ba(t)

n>0
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Classical families of polynomials.

Subgroups and families of polynomials.

Brenke polynomials and Appell subgroup.
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Classical families of polynomials.

Subgroups and families of polynomials.

Brenke polynomials and Appell subgroup.

(Bn(x)) is in the class of Brenke polynomials if

T(f [ 1)(h(tx)) = > Ba(t)

n>0

T(F[1)(e™) =" An(t)

n>0

T(f|1) (1_t> > Tr(t)x

n>0
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Classical families of polynomials.

Faber polynomials.

e Georg Faber, " Uber polynomische Entwicklungen”, Math.
Ann., 57 (1903) 398-408
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o Eri Jabotinsky, Representation of functions by matrices.
Application to Faber polynomials.” (1952)
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Classical families of polynomials.

Faber polynomials.

e Georg Faber, " Uber polynomische Entwicklungen”, Math.
Ann., 57 (1903) 398-408

o Eri Jabotinsky, Representation of functions by matrices.
Application to Faber polynomials.” (1952)

@ "Faber polynomials and the Faber series.” J. H. Curtis (1971)
A.M. Monthly.
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Classical families of polynomials.

Faber polynomials.

o Georg Faber, " Uber polynomische Entwicklungen”, Math.
Ann., 57 (1903) 398-408

o Eri Jabotinsky, Representation of functions by matrices.
Application to Faber polynomials.” (1952)

@ "Faber polynomials and the Faber series.” J. H. Curtis (1971)
A.M. Monthly.

@ Gi-Sang Cheon, Hana Kim and Louis W. Shapiro, 'An
algebraic structure for Faber polynomials.” (2010) relate the
Faber polynomials with the Hitting-time subgroup of the
Riordan group.
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Stochastic subgroup and its associated polynomial family.

The Stochastic subgroup.

The stabilizer of geometric progression.
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Stochastic subgroup and its associated polynomial family.

The Stochastic subgroup.

The stabilizer of geometric progression.

T(f|g)( L >: I o foE=X

1—x 1—x 1—x

The g-stochastic triangle and its polynomial sequence.

> _pa(t)x" =T (f:i‘g> <1 _1xt) e _i)zgx— xt)
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Stochastic subgroup and its associated polynomial family.

The Stochastic subgroup.

The stabilizer of geometric progression.

T(f|g)( L ): I o foE=X

1—x 1—x 1—x

The g-stochastic triangle and its polynomial sequence.

> _pa(t)x" =T (f:i‘g> <1 _1xt) e _i)zgx— xt)

n>0

The associated family of polynomials, (pn(x))nen, of any element
of the Stochastic subgroup holds

pn(]-) =1
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Stochastic subgroup and its associated polynomial family.

Proposition: Characterization of stochastic families

(pn(x))nen is a stochastic family if and only if there are (gn)nen,
with go # 0 such that

Pn(X) = (X — g1> Pn—1(X)—§Pn—2(X)' —% 0 (X (ng — 1>

80

Vn > 0.
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Stochastic subgroup and its associated polynomial family.

Proposition: Characterization of stochastic families

(pn(x))nen is a stochastic family if and only if there are (gn)nen,
with go # 0 such that

Pn(X) = (X — g1> Pn—1(X)—§Pn—2(X)' —% 0 (X (ng — 1)

80

Vn > 0.

If g =1, the element of the stochastic group is T(1 | 1), and then,
the polynomial family is pp(x) = x".
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Stochastic subgroup and its associated polynomial family.

(1 — x)-stochastic triangle

1—x)

1-2
T (2
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Stochastic subgroup and its associated polynomial family.

(1 — x)-stochastic triangle

T (2 -x)
1
0 1
11 1
2 0 2 1
3 2 2 3 1
4 -5 0 5 4 1
5 9 5 5 9 5 1
6 —14 —14 0 14 14 6 1
~7 —20 28 14 14 28 20 7 1
—8 27 —48 —42 0 42 2 48 27 8 1
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Stochastic subgroup and its associated polynomial family.

The family of associated polynomials is given by

an(t)x":T<1_2X‘1—x>< L >: 1-2x

= 1—x 1—xt (I —x)(1—x—xt)

pn(x) = (x + 1)pp-1(x) +1
with po(x) = 1. Or equivalently

n—1

palx) = (14 )" = S (14 x)*

k=0
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Stochastic subgroup and its associated polynomial family.

—-stochastic triangle

1— x
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Stochastic subgroup and its associated polynomial family.

-stochastic triangle

1

0 1

1 -1 1

1 1 -2 1

1 0 2 -3 1

1 0 -1 4 -4 1

10 0 -3 7 -5 1

1 0 0 1 -7 11 -6 1

1 0 0 O 4 -14 16 -7 1

1 0 0 O -1 1 =25 22 -8 1
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Stochastic subgroup and its associated polynomial family.

The family of associated polynomials is

> pa(t)x" = T<1(Iijx ‘1—x> (1—1xt>

n>0

B 1—x+x?
N (1—X)(1—(1—x)xt)

Pn(x) = xpn—1(x Z pi(x

with po(x) = 1.
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