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Finite Riordan Matrices.
Reflections on finite Riordan matrices.

Reflections on bi-infinite Riordan matrices.

Finite Riordan Matrices.

Definition.

D = (di ,j)i ,j=0,1,···n, n ≥ 1. D lower triangular.
D is a Finite Riordan Matrix ⇔
d0,0 6= 0, and g0, g1, · · · , gn−1 in K with g0 6= 0

di ,j =

i−j∑
k=0

gkdi+1−k,j+1 i , j = 0 · · · n − 1 (1)

or equivalently
d0,0 6= 0, and a0, a1, · · · , an−1 in K with a0 6= 0

di ,j =

i−j∑
k=0

akdi−1,j−1+k i , j = 1 · · · n (2)
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Finite Riordan matrices.

Definition (continuation)

Moreover if g(x) =
∑n−1

k=0 gkx
k and A(x) =

∑n−1
k=0 akx

k , then

[xk−1]
1

A(x)
=

1

k
[xk−1]gk(x) for k = 1 · · · n; (3)

Example
1
1 1

1 2 1
1 3 3 1

 A(x)=1+x, g(x)=1-x
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Finite Riordan matrices.

D =


1
−1 1
−1 −2 1
0 −1 −3 1
5 2 0 −4 1


gD(x) = 1 + x + 2x2 + 3x3

AD(x) = 1− x − 2x2 − 5x3

C =


1
1 1
3 2 1

10 7 3 1
33 26 12 4 1


AC (x) = 1 + x + 2x2 + 3x3

gC (x) = 1− x − 2x2 − 5x3

DC = I
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Finite Riordan matrices.

Example

D =



1
2 −1
−1 1 1
4 -2 -4 -1

−7 0 14 7 1
5 15 -40 −35 10 −1



A(x) = −1− 3x + 0x2 + 2x3 − 6x4 = g(x)

D2 = I
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The Riordan group as inverse limit.

Projections

Πn : R → GL(n + 1,K)

(di ,j)i ,j∈N 7→ (di ,j)i ,j=0,1,··· ,n

Rn = Πn(R) ≤ GL(n + 1,K)

Pn : Rn+1 → Rn

(di ,j)i ,j=0,1,··· ,n+1 7→ (di ,j)i ,j=0,1,··· ,n

· · · ,
(

d0,0

d1,0 d1,1

d2,0 d2,1 d2,2

)
,
(

d0,0

d1,0 d1,1

)
, ( d0,0 )

R = ĺım←−{(Rn)n∈N, (Pn)n∈N}
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Groups of finite Riordan matrices.

R0, R1, R2, R3

R0 = K \ {0} ≡ K∗

R1 =

{(
α 0
β γ

) ∣∣∣ α 6= 0 and β 6= 0

}

R2 =


 r0 0 0

α r0r 0
β γ r0r

2

∣∣∣∣∣ r0, r 6= 0 and α, β, γ ∈ K


R3 =




r0 0 0 0
d0 r0r 0 0
α r(d0 + d) r0r

2 0
β γ r2(d0 + 2d) r0r

3


∣∣∣∣∣ r0, r 6= 0

d0, d , α, β, γ ∈ K
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Pascal’s Triangle and its reflected.

D =


1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1

 DR =


1
5 1

10 4 1
10 6 3 1
5 4 3 2 1
1 1 1 1 1 1
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Finite Riordan Matrices.
Reflections on finite Riordan matrices.

Reflections on bi-infinite Riordan matrices.

Theorem: The reflected Riordan matrix.

D ∈ Rn, D = (di ,j)i ,j=0,1··· ,n, then DR = (ci ,j)i ,j=0,1··· ,n with
ci ,j = dn−j ,n−i D

R ∈ Rn .

Proof

c0,0 = dn,n = a0dn−1,n−1 =
dn−1,n−1

g0
6= 0

cn−j ,n−i = di ,j =

i−j∑
k=0

akdi−1,j−1+k =

i−j∑
k=0

akcn−(j−1+k),n−(i−1)

n − j = ĩ and n − i = j̃

cĩ ,̃j =

ĩ−j̃∑
k=0

g̃kcĩ+1−k ,̃j+1 ⇒ g̃k = ak
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Finite Riordan Matrices.
Reflections on finite Riordan matrices.

Reflections on bi-infinite Riordan matrices.

Properties of reflected matrix.

(i) If D ∈ Rn is a Toeplitz matrix, then its reflected matrix is the
same Toeplitz matrix.

(ii) If D ∈ Rn, (DR)R = D.

(iii) If D,C ∈ Rn, then (DC )R = CRDR .

(iv) (DR)−1 = (D−1)R .

(v) If D ∈ Rn then DDR is a Toeplitz matrix.

(vi) D−1 = DRT where T is a Toeplitz matrix.
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Qn : Rn+1 −→ Rn

Qn((di ,j)i ,j=0,1,··· ,n+1) = (di ,j)i ,j=1,2,··· ,n+1 = (d̃i ,j)i ,j=0,1,··· ,n

with d̃i ,j = di+1,j+1

Q4





1
5 1

10 4 1
10 6 3 1
5 4 3 2 1
1 1 1 1 1 1



 =


1
4 1
6 3 1
4 3 2 1
1 1 1 1 1



(Q4(DR))R = P4(D)
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Finite Riordan Matrices.
Reflections on finite Riordan matrices.

Reflections on bi-infinite Riordan matrices.

Notation.

D ∈ R

D = V (d , g)

di ,j = [x i ]d(x)

(
x

g(x)

)j

di ,j =

i−j∑
k≥0

gkdi+1−k,j+1,

Πn(V (d , g)) = Vn(d , g)

Relation with another notations

V (d , g) = R

(
d(x),

x

g(x)

)
= T (dg | g)
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Reflections on finite Riordan matrices.

Reflections on bi-infinite Riordan matrices.

Proposition

(Dn)n∈N ∈ ĺım←−{(Rn)n∈N, (Pn)n∈N} if and only if DR
n = Qn(DR

n+1)
for all n ∈ N.

Theorem

Let V (d , g) be any Riordan matrix. Then

(i) The sequence (V R
n (dgn+1, g))n∈N ∈ ĺım←−{(Rn)n∈N, (Pn)n∈N},

is the complementary Riordan matrix of V (d , g) denoted by
V⊥(d , g).

(ii) The sequence (V R
n (dgn, g))n∈N ∈ ĺım←−{(Rn)n∈N, (Pn)n∈N}, is

the dual Riordan matrix of V (d , g) denoted by V♦(d , g).
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(Dn)n∈N ∈ ĺım←−{(Rn)n∈N, (Pn)n∈N} if and only if DR
n = Qn(DR

n+1)
for all n ∈ N.

Theorem

Let V (d , g) be any Riordan matrix. Then

(i) The sequence (V R
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The Pascal’s Triangle and its complementary*.



. . .

· · · 1
· · · -3 1
· · · 3 -2 1
· · · -1 1 -1 1
· · · 0 0 0 0 1
· · · 0 0 0 0 1 1
· · · 0 0 0 0 1 2 1
· · · 0 0 0 0 1 3 3 1

...
...

...
...

...
...

...
...

. . .
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. . .

· · · 1
· · · -3 1
· · · 3 -2 1
· · · -1 1 -1 1
· · · 0 0 0 0 1
· · · 0 0 0 0 1 1
· · · 0 0 0 0 1 2 1
· · · 0 0 0 0 1 3 3 1
· · · 0 0 0 0 1 4 6 4 1

...
...

...
...

...
...

...
...

...
. . .
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Reflections on finite Riordan matrices.

Reflections on bi-infinite Riordan matrices.

Relations between V R
n , V

⊥
n , V

♦
n

V♦n (d , g) = V R
n (dgn, g)

⇔ V R
n (d | g) = V♦n

(
d
gn , g

)
V⊥n (d , g) = V R

n

(
dgn+1, g

)
⇔ V R

n (d , g) = V⊥n

(
d

gn+1 , g
)
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The isomorphism Φ

There is an unique isomorphism Φ : R → R such that
Πn ◦ Φ = Qn ◦ Πn+1 for every n ∈ N.

Φ(V (d , g)) = V

(
d

g
, g

)
Φ−1(V (d , g)) = V (dg , g)

The bi-infinite representation.

If Gn = R and Ψn = Φ for all n,

R = ĺım←−{(Gn)n∈N, (Ψn)n∈N}
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The bi-infinite Riordan matrix.

B(d , g) =



. . .

· · · d−3,−3

· · · d−2,−3 d−2,−2

· · · d−1,−3 d−1,−2 d−1,−1

· · · d0,−3 d0,−2 d0,−1 d0,0

· · · d1,−3 d1,−2 d1,−1 d1,0 d1,1

· · · d2,−3 d2,−2 d2,−1 d2,0 d2,1 d2,2
...

...
...

...
...

...
. . .
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The bi-infinite Riordan matrix from finite matrices.

Given B(d , g) we define γn(B(d , g)) = V2n(dgn, g) for n ≥ 0.

· · · ,


d−2,−2

d−1,−2 d−1,−1

d0,−2 d0,−1 d0,0

d1,−2 d1,−1 d1,0 d1,1

d2,−2 d2,−1 d2,0 d2,1 d2,2

 ,

(
d−1,−1

d0,−1 d0,0

d1,−1 d1,0 d1,1

)
, ( d0,0 )

γn = Q2n ◦ P2n+1 ◦ γn+1 = P2n ◦ Q2n+1 ◦ γn+1

Analogously, given B(d , g) we define δn(B(d , g)) = V2n+1(dgn, g)
for n ≥ 0.

· · · ,

( d−1,−1

d0,−1 d0,0

d1,−1 d1,0 d1,1

d2,−1 d2,0 d2,1 d2,2

)
,
(

d0,0

d1,0 d1,1

)
δn = Q2n+1 ◦ P2n+2 ◦ δn+1 = P2n+1 ◦ Q2n+2 ◦ δn+1
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Analogously, given B(d , g) we define δn(B(d , g)) = V2n+1(dgn, g)
for n ≥ 0.

· · · ,

( d−1,−1

d0,−1 d0,0

d1,−1 d1,0 d1,1

d2,−1 d2,0 d2,1 d2,2

)
,
(

d0,0

d1,0 d1,1

)

δn = Q2n+1 ◦ P2n+2 ◦ δn+1 = P2n+1 ◦ Q2n+2 ◦ δn+1
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d−2,−2

d−1,−2 d−1,−1
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d2,−2 d2,−1 d2,0 d2,1 d2,2
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)
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(

d0,0

d1,0 d1,1

)
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The bi-infinite Riordan matrix from finite matrices.

(i)
R = ĺım←−{(R2n)n≥0, (sn)n≥0}

where
sn = Q2n ◦ P2n+1 = P2n ◦ Q2n+1

(ii)
R = ĺım←−{(R2n+1)n≥0, (rn)n≥0}

where
rn = Q2n+1 ◦ P2n+2 = P2n+1 ◦ Q2n+2
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Reflections in bi-infinite matrices.

· · · ,


d2,2

d2,1 d1,1

d2,0 d1,0 d0,0

d2,−1 d1,−1 d0,−1 d−1,−1

d2,−2 d1,−2 d0,−2 d−1,−2 d−2,−2

 ,

(
d1,1

d1,0 d0,0

d1,−1 d0,−1 d−1,−1

)
, ( d0,0 )

· · · ,

( d2,2

d2,1 d1,1

d2,0 d1,0 d0,0

d2,−1 d1,−1 d0,−1 d−1,−1

)
,
(

d1,1

d1,0 d0,0

)
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d1,0 d0,0
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)
, ( d0,0 )

· · · ,

( d2,2

d2,1 d1,1

d2,0 d1,0 d0,0
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d1,0 d0,0

)

Ana Luzón Groups of finite Riordan matrices.



Finite Riordan Matrices.
Reflections on finite Riordan matrices.

Reflections on bi-infinite Riordan matrices.

Reflections in bi-infinite matrices.

The odd reflection.

Let B(d , g) = (D2n)n≥0 ∈ ĺım←−{(R2n)n≥0, (sn)n≥0} then

(DR
2n)n≥0 ∈ ĺım←−{(R2n)n≥0, (sn)n≥0}

and it represents a bi-infinite Riordan matrix,

(DR
2n)n≥0 = BRo (d , g).

Moreover

BRo (d , g) = B

(
A
( x
A

)′
d
( x
A

)
,A

)
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Finite Riordan Matrices.
Reflections on finite Riordan matrices.

Reflections on bi-infinite Riordan matrices.

The even reflection.

Let B(d , g) = (D2n+1)n≥0 ∈ ĺım←−{(R2n+1)n≥0, (rn)n≥0} then

(DR
2n+1)n≥0 ∈ ĺım←−{(R2n+1)n≥0, (rn)n≥0}

and it represents a bi-infinite Riordan matrix,

(DR
2n+1)n≥0 = BRe (d , g).

Moreover
BRe (d , g) = B

(
(A− xA′)d

( x
A

)
,A
)
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Finite Riordan Matrices.
Reflections on finite Riordan matrices.

Reflections on bi-infinite Riordan matrices.

Remark:

BRo (d , g) = B♦(d , g),

BRe (d , g) = B⊥
(

d

g2
, g

)
,

Φ(DRo ) = DRe

Even and odd symmetric matrices.

DRe = D, D is even-symmetric.
DRo = D, D is odd-symmetric.
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Finite Riordan Matrices.
Reflections on finite Riordan matrices.

Reflections on bi-infinite Riordan matrices.

Even and odd symmetric, dual and complementary matrices.

(i) V⊥(d , g) = V (d , g) if and only if B(dg , g) is an
even-symmetric matrix.

(ii) V♦(d , g) = V (d , g) if and only if B(d , g) is an
odd-symmetric matrix.

Self reflection and Toeplitz matrix

Let Dm = (di ,j) ∈ Rm be such that Dm = DR
m with m ≥ 1.

(a) If m is odd then Dm is a Toeplitz matrix.

(b) If m is even and d0,0 = d1,1, then Dm is a Toeplitz matrix.
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Finite Riordan Matrices.
Reflections on finite Riordan matrices.

Reflections on bi-infinite Riordan matrices.

Theorem D⊥ = D

D⊥ = D if and only if D is a Toeplitz matrix.

Corollary

Let f , ω ∈ K[[x ]] with f (0) 6= 0, ω(0) = 0 and ω′(0) 6= 0 where
ω′(x) is the usual derivative of ω in K[[x ]]. The solutions of{

x2f (ω(x))ω′(x) = f (x)ω2(x),
ω(ω(x)) = x

(4)

in K[[x ]] are just ω(x) = x and f arbitrary with f (0) 6= 0.
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Finite Riordan Matrices.
Reflections on finite Riordan matrices.

Reflections on bi-infinite Riordan matrices.

Theorem D♦ = D

For K = R, C, The Riordan matrix D = V (d , g) such that
D♦ = D have as solutions

A(x) = g(x), d(x) = λ

√
g(x)

(
x

g(x)

)′
e
φ
(
x , x

g(x)

)

with λ ∈ K∗ and φ(x , z) is a symmetric bivariate power series with
φ(0, 0) = 0.

If in addition g(0) = 1, then V (d , g) is a Toeplitz matrix.
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x
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e
φ
(
x , x

g(x)

)
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Finite Riordan Matrices.
Reflections on finite Riordan matrices.

Reflections on bi-infinite Riordan matrices.

A family of odd symmetric matrices.

In general, if we take g(x) = αx − 1, φ = 0 you get that

B

(
− 1√

1− αx
, αx − 1

)
α ∈ K

is a family of odd-symmetric bi-infinite matrices and then

V

(
− 1√

1− αx
, αx − 1

)
α ∈ K

is a family of self-dual matrices.
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Finite Riordan Matrices.
Reflections on finite Riordan matrices.

Reflections on bi-infinite Riordan matrices.

An example of D♦ = D



1
−5 −1

15/2 3 1
−5/2 −3/2 −1 −1
−5/8 −1/2 −1/2 −1 1
−3/8 −3/8 −1/2 −3/2 3 −1
−5/16 −3/8 −5/8 −5/2 15/2 −5 1



γ3

(
B

(
− 1√

1− 2x
, 2x − 1

))
= B3

(
− 1√

1− 2x
, 2x − 1

)
=

= V6

(
−(2x − 1)3

√
1− 2x

, 2x − 1

)
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Reflections on bi-infinite Riordan matrices.

Conclusions

1 The reflection in Riordan matrices is useful.

2 The different approximations of the Riordan group by means
of finite, infinite or bi-infinite matrices are useful.

3 There are many work to do.
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