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Finite Riordan Matrices.

Finite Riordan Matrices.

D = (di)ij=01,--n, n > 1. D lower triangular.
D is a Finite Riordan Matrix <
do’o 7é 0, and go, &1, - ,&n—1 in K with gg 7& 0

i
di,j:ngd,-H_kJH /,_/ZOH—]_ (1)
k=0
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Finite Riordan Matrices.

Finite Riordan Matrices.

Definition.

D = (di)ij=01,--n, n > 1. D lower triangular.
D is a Finite Riordan Matrix <
do’o 7é 0, and go, &1, - ,&n—1 in K with gg 7& 0
i~
dij =) gdit1-kje1  Hj=0--n—1 (1)
k=0

or equivalently
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Finite Riordan Matrices.

Finite Riordan Matrices.

Definition.

D = (di)ij=01,--n, n > 1. D lower triangular.
D is a Finite Riordan Matrix <
do’o 7é 0, and go, &1, - ,&n—1 in K with gg 7& 0
i~
dij =) gdit1-kje1  Hj=0--n—1 (1)
k=0

or equivalently
do,o # 0, and ap, a1, -+ ,ap—1 in K with ag # 0

i—j
dij=Y adi1j 1tk  j=1-n (2)
k=0
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Finite Riordan Matrices.

Finite Riordan matrices.

Definition (continuation)

Moreover if g(x) = 375 gxx* and A(x) = S27_¢ akxX, then
[xk*l]L = l[x"*l]tr;rk(x) fork=1---n; (3)
A(x) k '
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Finite Riordan Matrices.

Finite Riordan matrices.

Definition (continuation)

Moreover if g(x) = 375 gxx* and A(x) = S27_¢ akxX, then
[xk*l]L = l[xkil]gk(x) fork=1---n; (3)
A(x) k '

A(x)=1+x, g(x)=1-x

1
11
1 [2]
1 3

w =
—
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Finite Riordan Matrices.

Finite Riordan matrices.

gp(x) =1+ x + 2x? + 3x3
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Finite Riordan Matrices.

Finite Riordan matrices.

gp(x) =1+ x + 2x? + 3x3

Ap(x) =1—x —2x% — 5x3
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Finite Riordan Matrices.

Finite Riordan matrices.

gp(x) =1+ x + 2x? + 3x3

Ap(x) =1—x —2x% — 5x3
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Finite Riordan Matrices.

Finite Riordan matrices.

1 1

-1 1 11
D=| -1 -2 1 C=] 3 2 1

0 -1 -3 1 10 7 3 1

5 2 0 -4 1 33 26 12 4 1
gp(x) =1+ x + 2x? + 3x3 Ac(x) =1+ x +2x2 + 3x3

Ap(x) =1—x —2x% — 5x3
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Finite Riordan Matrices.

Finite Riordan matrices.

gp(x) =1+ x + 2x? + 3x3

Ap(x) =1—x —2x% — 5x3

1
1 1
C= 3 2 1
10 7 3 1

33 26 12 4 1

Ac(x) =1+ x +2x2 + 3x3

gc(x) =1—x—2x? —5x3
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Finite Riordan Matrices.

Finite Riordan matrices.

1 1
-1 1 1 1
D= -1 -2 1 C= 3 2 1
0 -1 -3 1 10 7 3 1
5 2 0 -4 1 33 26 12 4 1
gp(x) =1+ x + 2x? + 3x3 Ac(x) =1+ x +2x2 + 3x3
Ap(x) =1—x —2x% — 5x3 gc(x) =1—x—2x? —5x3

DC =1
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Finite Riordan Matrices.

Finite Riordan matrices.

~1
-1 1 1
4 2 4

7 (0] 14 7 1

5 15 -40 -35 10 -1
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Finite Riordan Matrices.

Finite Riordan matrices.

~1
-1 1 1
4 2 4

7 (0] 14 7 1

5 15 -40 -35 10 -1

A(x) = =1 — 3x + 0x? + 2x3 — 6x* = g(x)

Ana Luzén Groups of finite Riordan matrices.



Finite Riordan Matrices.

Finite Riordan matrices.

~1
-1 1 1
4 2 4

7 (0] 14 7 1

5 15 -40 -35 10 -1

A(x) = =1 — 3x + 0x? + 2x3 — 6x* = g(x)

D? =1
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Finite Riordan Matrices.

The Riordan group as inverse limit.

M,: R — GLn+1,K)

Ana Luzén Groups of finite Riordan matrices.



Finite Riordan Matrices.

The Riordan group as inverse limit.

N,: R — GLn+1,K)
(dij)ijen + (dij)ij=01,-n
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Finite Riordan Matrices.

The Riordan group as inverse limit.

N,: R — GLn+1,K)
(dij)ijen + (dij)ij=01,-n

R =MNy(R) < GL(n+ 1,K)
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Finite Riordan Matrices.

The Riordan group as inverse limit.

N,: R — GLn+1,K)
(dij)ijen + (dij)ij=01,-n

R =MNy(R) < GL(n+ 1,K)

Pn o Rn+1 - Rn
(di)ij=01,mt1 = (dij)ij=0.1,,n
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Finite Riordan Matrices.

The Riordan group as inverse limit.

N,: R — GLn+1,K)
(dij)ijen + (dij)ij=01,-n

R =MNy(R) < GL(n+ 1,K)

Pn o Rn+1 - Rn
(di)ij=01,mt1 = (dij)ij=0.1,,n

d
...7<d(1]:2d1,1 >7 (so,od )’ (do,o)
dao d2y1 da2 1,0 9,1
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Finite Riordan Matrices.

The Riordan group as inverse limit.

N,: R — GLn+1,K)
(dij)ijen + (dij)ij=01,-n

R =MNy(R) < GL(n+ 1,K)

Pn o Rn+1 - Rn
(di)ij=01,mt1 = (dij)ij=0.1,,n

d
...7<d(1]:2d1,1 >7 (so,od )’ (do,o)
dao d2y1 da2 1,0 9,1

R = m{(Rn)neNa (Pn)neN}
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Finite Riordan Matrices.

Groups of finite Riordan matrices.

Ro, R1, R2, R3

Ro =K\ {0} =K
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Finite Riordan Matrices.

Groups of finite Riordan matrices.

Ro, R1, R2, R3

Ro = K\ {0} = K* R1:{<g 3) ‘a;«éOandﬁ#O}
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Finite Riordan Matrices.

Groups of finite Riordan matrices.

Ro, R1, R2, R3

Ro = K\ {0} = K* R1:{<g 3) ‘a;«éOandﬁ#O}

ro,r 20 and o, 5,y € K
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Finite Riordan Matrices.

Groups of finite Riordan matrices.

Ro, R1, R2, R3

Ro = K\ {0} = K* R1:{<g 3) ‘a;«éOandﬁ#O}

h 0 0
Ro = a rr 0 ro,r 20 and o, 5,y € K
B v rr?
n 0 0 0
Ra— do hor 0 0 ‘ o, r 7'é 0
3 a  r(dy+d) ror? 0 do,d,, B,y € K
B8 v r’(do +2d) ror?
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Reflections on finite Riordan matrices.

Pascal’s Triangle and its reflected.
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Reflections on finite Riordan matrices.

Pascal’s Triangle and its reflected.

D W =
&~ =

)

Il
T = O
—_

o
—
o
o1 =
—_

g~ N =
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Reflections on finite Riordan matrices.

Pascal’s Triangle and its reflected.

1 1

11 5 1
1201 r_| 10 4 1
P=113 3 1 P"=1 10 6 3 1

1 4 6 4 1 5 4 3 2 1

1510 10 5 1 1 11111
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Reflections on finite Riordan matrices.

Theorem: The reflected Riordan matrix.

DeR, D= (di,j)i,j:0,1~-~,nr then DR = (Ci,j)i,jzo,l--~,n with
Gij = dn—j,n—i O eER,.
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Reflections on finite Riordan matrices.

Theorem: The reflected Riordan matrix.

DeR, D= (di,j)i,j:0,1~-~,nr then DR = (Ci,j)i,jzo,l--~,n with
Gij = dn—j,n—i O eER,.

Proof
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Reflections on finite Riordan matrices.

Theorem: The reflected Riordan matrix.

DeR, D= (di,j)i,j:0,1~-~,nr then DR = (Ci,j)i,jzo,l--~,n with
Gij = dn—j,n—i O eER,.

Proof

dn—1,n-1
0= dn,n = aOdn—l,n—l = 7£ 0
&0

Co

)
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Reflections on finite Riordan matrices.

Theorem: The reflected Riordan matrix.

DeR, D= (di,j)i,j:0,1~-~,nr then DR = (Ci,j)i,jzo,l--~,n with
Gij = dn—j,n—i O eER,.

Proof 4
n—1,n—1
€0,0 = dn,n = aOdn—l,n—l E 7£ 0
80
i—j i—j
Cn—jn—i = dij = Z akdi—1j-1+k = § akCn—(j—14k),n—(i—1)
k=0 k=0
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Reflections on finite Riordan matrices.

Theorem: The reflected Riordan matrix.

DeR, D= (di,j)i,j:0,1~-~,nr then DR = (Ci,j)i,jzo,l--~,n with
Gij = dn—j,n—i O eER,.

Proof 4

n—1,n—1

€,0 = dn,n = aOdn—l,n—l = 7£ 0
80
i—j i—j
Cn—jn—i = dij = Z akdi—1j-1+k = § akCn—(j—14k),n—(i—1)

k=0 k=0

n—j=1 and n—i=j
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Reflections on finite Riordan matrices.

Theorem: The reflected Riordan matrix.

DeR, D= (di,j)i,j:0,1~-~,nr then DR = (Ci,j)i,jzo,l--~,n with
Gij = dn—j,n—i O eER,.

Proof 4
n—1,n—1
€0,0 = dn,n = aOdn—l,n—l E 7£ 0
&0
i—j i—j
Cn—j,n—i = djj = Z adi—1j-1+k = § AkCp—(j—1+k),n—(i—1)
k=0 k=0
n—j=1 and n—i=j
77‘:
Gi= 8kCit1 kjr1 = 8k = ak
k=0
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Reflections on finite Riordan matrices.

Properties of reflected matrix.

(i) If D € R, is a Toeplitz matrix, then its reflected matrix is the
same Toeplitz matrix.
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Reflections on finite Riordan matrices.

Properties of reflected matrix.

(i) If D € R, is a Toeplitz matrix, then its reflected matrix is the
same Toeplitz matrix.

(i) If D € Ry, (DR)R = D.
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Reflections on finite Riordan matrices.

Properties of reflected matrix.

(i) If D € R, is a Toeplitz matrix, then its reflected matrix is the
same Toeplitz matrix.

(i) If D € Ry, (DR)R = D.
(iii) If D, C € Ry, then (DC)R = CRDR.
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Reflections on finite Riordan matrices.

Properties of reflected matrix.

(i) If D € R, is a Toeplitz matrix, then its reflected matrix is the
same Toeplitz matrix.

(i) If D € Ry, (DR)R = D.
(iii) If D, C € Ry, then (DC)R = CRDR.
(iv) (DR)~t = (DR,
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Reflections on finite Riordan matrices.

Properties of reflected matrix

(i) If D € R, is a Toeplitz matrix, then its reflected matrix is the
same Toeplitz matrix.

(i) If D € Ry, (DR)R = D.
(iii) If D, C € Ry, then (DC)R = CRDR.
(iv) (DR)~t = (DR,

)

(v) If D € R, then DDR is a Toeplitz matrix.
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Reflections on finite Riordan matrices.

Properties of reflected matrix

(i) If D € R, is a Toeplitz matrix, then its reflected matrix is the
same Toeplitz matrix.

(i) If D € Ry, (DF)R = D.

(ii) If D,C € R,, then (DC)R = CRDR.

(iv) (DR)~+ = (DY)

(v) If D € R, then DDR is a Toeplitz matrix.
) D

(vi

= DRT where T is a Toeplitz matrix.
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Reflections on finite Riordan matrices.

Qn Rn+1 — Rn

Riordan matrice:




Reflections on finite Riordan matrices.

Qn : Rpr1 — Ra

Qn((dij)ij=01. 1) = (di)ij=1.2. nt1 = (dij)ij=01..n

with  dij = diy1j41
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Reflections on finite Riordan matrices.

Qn : Rpr1 — Ra

Qn((dij)ij=01. 1) = (di)ij=1.2. nt1 = (dij)ij=01..n

with  dij = diy1j41

1

1
1501111 41

Qs =16 3 1

10 6 3 1

4 3 21
5 4 3 21 11111
1 11111
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Reflections on finite Riordan matrices.

Qn : Rpr1 — Ra

Qn((dij)ij=01. 1) = (di)ij=1.2. nt1 = (dij)ij=01..n

with  dij = diy1j41

1

1
1501111 41

Qs =16 3 1

10 6 3 1

4 3 21
5 4 3 21 11111
1 11111

(Qa(D"))" = P4(D)
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Reflections on finite Riordan matrices.

DeR

Riordan matrice:




Reflections on finite Riordan matrices.

DeR D=V(dg)
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Reflections on finite Riordan matrices.

DeR D=V(dg)

dij = [x1d(x) <B’E(X)>j
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Reflections on finite Riordan matrices.

DeR D=V(dg)

i—j

j
. X
dij = [x]d(x) () dij =D 8kdit1-kji1s
J g(x) ’ k>0 e
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Reflections on finite Riordan matrices.

DeR D=V(dg)

i—j

j
. X
dij = [x]d(x) () dij =D 8kdit1-kji1s
J g(x) ’ k>0 e

Ma(V(d,g)) = Vi(d, &)
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Reflections on finite Riordan matrices.

Notation.

DeR D=V(dg)

i—j

j
. X
dij = [x]d(x) () dij =D 8kdit1-kji1s
J g(x) ’ k>0 e

Ma(V(d,g)) = Vi(d, &)

Relation with another notations

V(d,g)
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Reflections on finite Riordan matrices.

Notation.

DeR D=V(dg)

j i

. X

dij = [x']d(x) (> dij = Bk it 1—kj+1;
J g(x) J ;) + J+

Na(V(d,g)) = Va(d, g)
Relation with another notations

V(d.e) = R (a0, =55
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Reflections on finite Riordan matrices.

Notation.

DeR D=V(dg)

j i

. X

dij = [x']d(x) (> dij = Bk it 1—kj+1;
J g(x) J ;) + J+

Na(V(d,g)) = Va(d, g)
Relation with another notations

V(d,g) = R (d(x), g(xx)) — T(dg | )
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Reflections on finite Riordan matrices.

Notation.

DeR D=V(dg)

j i

. X

dij = [x']d(x) (> dij = Bk it 1—kj+1;
J g(x) J ;) + J+

Na(V(d,g)) = Va(d, g)
Relation with another notations

V(d,g) = R (d(x), g(xx)) — T(dg | )
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Reflections on finite Riordan matrices.

Proposition

(Dn)nen € VH{(R,,)”GN, (Pn)nent if and only if D,’f = Q,,(D,’L,_‘;r1
for all n € N.
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Reflections on finite Riordan matrices.

(Dn)nen € im{(Rn)nen; (Pn)nen} if and only if DFf = Qu(Df,;
for all n € N.

Theorem
Let V(d, g) be any Riordan matrix. Then
(i) The sequence (V,X(dg™, g))nen € m{(Rn)nen, (Pn)nent},
is the complementary Riordan matrix of V(d, g) denoted by
Vi(d,g).
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Reflections on finite Riordan matrices.

(Dn)nen € im{(Rn)nen; (Pn)nen} if and only if DFf = Qu(Df,;
for all n € N.

Theorem
Let V(d, g) be any Riordan matrix. Then
(i) The sequence (V,(dg"**,g))nen € Im{(Rn)nen,; (Pn)nen},
is the complementary Riordan matrix of V(d, g) denoted by
Vi(d,g).
(ii) The sequence (V;(dg", g))nen € im{(Rn)nen, (Pn)nen}, is
the dual Riordan matrix of V/(d, g) denoted by V¥(d, g).
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Reflections on finite Riordan matrices.

The Pascal's Triangle and its complementary*.

1

301

3 21
-11 -1 1

0 0 0 01

0 0 0 011
0 0 0 0121
0 0 0 01 3 31
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Reflections on finite Riordan matrices.

The Pascal's Triangle and its dual*.

1

301

3 -2 1

-11 11

0 0 0 O

0 0 0 011

0 0 0 01 21

0 0 0 013 31
0 0 0 01 46 41
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Reflections on finite Riordan matrices.

vy

Relations between VR V.

n o

Vo(d,g) = VR (dg", g)
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Reflections on finite Riordan matrices.

vy

Relations between VR V.

n o

Vi(d,g) = VR (dg"g) & VR(d|g)=V{ (&¢)
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Reflections on finite Riordan matrices.

vy

Relations between VR V.

n o

Vi(d,g) = VR (dg"g) & VR(d|g)=V{ (&¢)
Vi-(d,g) = V¥ (dg™*,g)
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Reflections on finite Riordan matrices.

Relations between VR, VI v

Vi(d,g) = VR (dg"g) & VR(d|g)=V{ (e
Vi (d,g) = VIF (dg"t ) & VR(d,g) = Vit (34r.8)

Ana Luzén Groups of finite Riordan matrices.



Reflections on finite Riordan matrices.

The isomorphism ®

There is an unique isomorphism ® : R — R such that
M,o® = Q0,1 for every n € N.
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Reflections on finite Riordan matrices.

The isomorphism ®

There is an unique isomorphism ® : R — R such that
M,o® = Q0,1 for every n € N.

o(V(d,g)) = V (;’g) o~ (V(d,g)) = V(de.g)
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Reflections on finite Riordan matrices.

The isomorphism ®

There is an unique isomorphism ® : R — R such that
M,o® = Q0,1 for every n € N.

o(V(d,g)) = V (;’g) o~ (V(d,g)) = V(de.g)
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Reflections on finite Riordan matrices.

The isomorphism ®

There is an unique isomorphism ® : R — R such that
M,o® = Q0,1 for every n € N.

o(V(d,g)) = V (;’g) o~ (V(d,g)) = V(de.g)

The bi-infinite representation.
If G, =R and V, = & for all n,

R = M {(Gn)nen, (Wn)nen}

A\
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Reflections on finite Riordan matrices.

The bi-infinite Riordan matrix.

d_3_3

)

do_3 do >

I d—1:—3 d—1:—2 d_1,1
Bldg)=1] .. do,—3 do,—» do—1 dopo
di,3 di,» di-1 dip di1

dr3 do_p do_1 oo do1 dopo

) )

Ana Luzén Groups of finite Riordan matrices.



Reflections on finite Riordan matrices.

The bi-infinite Riordan matrix from finite matrices.

Given B(d, g) we define v,(B(d, g)) = Van(dg", g) for n > 0.

d_2—2
d_1,-2d-1,1 d_1,-1

o do,—2> do,—1 doyo , ( do,—1 do,o ) , (C/O,o)
di, 2 di,—1 diodi1 di,—1 dip di1

dy—2 dr_1 dro 21 dap2
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Reflections on finite Riordan matrices.

The bi-infinite Riordan matrix from finite matrices.

Given B(d, g) we define v,(B(d, g)) = Van(dg", g) for n > 0.

d_2—2
d_1,-2d-1,1 d_1,-1

o do,—2> do,—1 doyo , ( do,—1 do,o ) , (C/O,o)
di, 2 di,—1 diodi1 di,—1 dip di1

dy—2 dr_1 dro 21 dap2

Yn = Q2n © Popny10Ynt1 = P2p 0 Q2nt1 © Vng1
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Reflections on finite Riordan matrices.

The bi-infinite Riordan matrix from finite matrices.

Given B(d, g) we define v,(B(d, g)) = Van(dg", g) for n > 0.

d_2—2
d_1,-2d-1,1 d_1,-1

o do,—2> do,—1 doyo , ( do,—1 do,o ) , (C/O,o)
di, 2 di,—1 diodi1 di,—1 dip di1

dy—2 dr_1 dro 21 dap2

Yn = Q2n © Popny10Ynt1 = P2p 0 Q2nt1 © Vng1

Analogously, given B(d, g) we define 6,(B(d,g)) = Van+1(dg", g)
for n > 0.
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Reflections on finite Riordan matrices.

The bi-infinite Riordan matrix from finite matrices.

Given B(d, g) we define v,(B(d, g)) = Van(dg", g) for n > 0.

d_2—2
d_1,-2d-1,1 d_1,-1

o do,—2> do,—1 doyo , ( do,—1 do,o ) , (C/O,o)
di, 2 di,—1 diodi1 di,—1 dip di1

dy—2 dr_1 dro 21 dap2

Yn = Q2n © P2nt1 0 Ynt1 = Pan © Q2nt1 © Ynt1
Analogously, given B(d, g) we define 6,(B(d,g)) = Van+1(dg", g)

for n > 0.
d.1,1
. do,—1 doo do,o
’ di,—1 dipo di1 ’ dio di1

dy 1 dao d21 do2
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Reflections on finite Riordan matrices.

The bi-infinite Riordan matrix from finite matrices.

Given B(d, g) we define v,(B(d, g)) = Van(dg", g) for n > 0.

d_2—2
d_1,-2d-1,1 d_1,-1

o do,—2> do,—1 doyo , ( do,—1 do,o ) , (C/O,o)
di, 2 di,—1 diodi1 di,—1 dip di1

dy—2 dr_1 dro 21 dap2

Yn = Q2n © P2nt1 0 Ynt1 = Pan © Q2nt1 © Ynt1
Analogously, given B(d, g) we define 6,(B(d,g)) = Van+1(dg", g)

for n > 0.
d.1,1
. do,—1 doo do,o
’ di,—1 dipo di1 ’ dio di1

dy 1 dao d21 do2

On = Q2n+1© Popy2 00n+1 = Pang1 0 Qony2 0 g1
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Reflections on finite Riordan matrices.

The bi-infinite Riordan matrix from finite matrices.

R = lim {(R2n)n>0, (Sn)n>0}

where
Sp = @Q2p 0 P2n+1 = P, 0 Q2n+1
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Reflections on finite Riordan matrices.

The bi-infinite Riordan matrix from finite matrices.

R = I(l] {(R2n)n207 (Sn)nZO}
where
sn = Qa2n © Pant1 = Pan o Qapt1
(i)
R = lim {(R2nt1)n>0, (rn)n>0}
where
rn = Q2n+1 0 Popnt2 = Popt1 0 Qopgo
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Reflections on bi-infinite Riordan matrices.

Reflections in bi-infinite matrices.

da >
dr1 dia di1

<, | de0 dio doo , < dio doo ) , (doo)
dy,—1 d1,—1 do,—1 d—1,—1 di,—1do,—1 d-1,-1
dy—2d,—2do,—2d-1-2d 2 >

s
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Reflections on bi-infinite Riordan matrices.

Reflections in bi-infinite matrices.

da >
dr1 dia di1
<, | de0 dio doo , < dio doo ) , (doo)
dy,—1 d1,—1 do,—1 d—1,—1 di,—1do,—1 d-1,-1
dy—2d,—2do,—2d-1-2d 2 >
da >
. dry1 dia di1
’ do dio doo ? di,0 dojo

dy 1 d1,—1do,—1d-1,—1
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Reflections on bi-infinite Riordan matrices.

Reflections in bi-infinite matrices.

The odd reflection.

Let B(dag) = (D2n)n20 S Lfﬂ] {(RZn)nZOa (Sn)nzo} then

(D34)nz0 € im {(R2n)nz0, (sn)n>0}

and it represents a bi-infinite Riordan matrix,

(DR )nz0 = BR(d, ).

sr0.)-8 (4(3) o 3).1)

Moreover
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Reflections on bi-infinite Riordan matrices.

The even reflection.

Let B(d,g) = (D2nt1)nz0 € lim {(R2n+1)n>0, (fn)n=0} then

(D3ps1)nz0 € im {(Ran+1)nz0, (Fn)nz0}

and it represents a bi-infinite Riordan matrix,

(D51)nz0 = B (d, g).

Moreover
BRe(d,g) = B ((A — xA)d (%) ,A)
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Reflections on bi-infinite Riordan matrices.
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Reflections on bi-infinite Riordan matrices.

BRe(d,g) = B9(d,g),  BR(d,g) = B* (gg) ,
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Reflections on bi-infinite Riordan matrices.

d
BRe(d,g) = B9(d,g),  BR(d,g) = B* (gg) ,

®(Df) = DR
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Reflections on bi-infinite Riordan matrices.

d
BRe(d,g) = B9(d,g),  BR(d,g) = B* (gg) ,

®(DRe) = DRe

Even and odd symmetric matrices.

DRe = D, D is even-symmetric.
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Reflections on bi-infinite Riordan matrices.

d
BRe(d,g) = B9(d,g),  BR(d,g) = B* (gg) ,

®(DRe) = DRe

Even and odd symmetric matrices.

DRe = D, D is even-symmetric.
DRe = D, D is odd-symmetric.
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Reflections on bi-infinite Riordan matrices.

d
BRe(d,g) = B9(d,g),  BR(d,g) = B* (gg) ,

®(DRe) = DRe

Even and odd symmetric matrices.

DRe = D, D is even-symmetric.
DRe = D, D is odd-symmetric.
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Reflections on bi-infinite Riordan matrices.

Even and odd symmetric, dual and complementary matrices.

(i) V*(d,g) = V(d,g) if and only if B(dg, g) is an
even-symmetric matrix.

(i) V(d,g) = V(d,g) if and only if B(d,g) is an
odd-symmetric matrix.
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Reflections on bi-infinite Riordan matrices.

Even and odd symmetric, dual and complementary matrices.
(i) V*(d,g) = V(d,g) if and only if B(dg, g) is an
even-symmetric matrix.
(i) V(d,g) = V(d,g) if and only if B(d,g) is an
odd-symmetric matrix.

Self reflection and Toeplitz matrix
Let Dy, = (djj) € Rm be such that Dy, = DR with m > 1.
(a) If mis odd then D,, is a Toeplitz matrix.

| \

(b) If mis even and dyo = di 1, then Dy, is a Toeplitz matrix.
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Reflections on bi-infinite Riordan matrices.

Theorem D+ = D

D+ = D if and only if D is a Toeplitz matrix.
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Reflections on bi-infinite Riordan matrices.

Theorem D+ =D
D+ = D if and only if D is a Toeplitz matrix.

Let f,w € K][[x]] with f(0) # 0, w(0) = 0 and w'(0) # 0 where
w'(x) is the usual derivative of w in K[[x]]. The solutions of

{ XF(w(x))e! (x) = F(x)e2 (), *)

w(w(x)) = x

in K[[x]] are just w(x) = x and f arbitrary with f(0) # 0.
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Reflections on bi-infinite Riordan matrices.

Theorem D¢ = D

For K=TR, C, The Riordan matrix D = V/(d, g) such that
D® = D have as solutions

AX) =g(x),  d(x) =\ /g(x) (X) RIEr))

g(x)

with A € K* and ¢(x, z) is a symmetric bivariate power series with

$(0,0) = 0.
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Reflections on bi-infinite Riordan matrices.

Theorem D¢ = D

For K=TR, C, The Riordan matrix D = V/(d, g) such that
D® = D have as solutions

X

AX) =g(x),  d(x)=\/g(x) (gm) RICE=)

with A € K* and ¢(x, z) is a symmetric bivariate power series with
¢(0,0) = 0.
If in addition g(0) =1, then V(d, g) is a Toeplitz matrix.
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Reflections on bi-infinite Riordan matrices.

A family of odd symmetric matrices.

In general, if we take g(x) = ax — 1, ¢ = 0 you get that

a e K

1
Bl ————,ax—1
< V19— ax o )

is a family of odd-symmetric bi-infinite matrices and then

is a family of self-dual matrices.
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Reflections on bi-infinite Riordan matrices.

An example of D¢ = D

5 -1
15/2 3 1

—5/2 —3/2 -1

—5/8 -1/2 -1/2 -1 1

—3/8 —3/8 —1/2 —3/2 3 -1
~5/16 —3/8 —5/8 —5/2 15/2 -5 1
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Reflections on bi-infinite Riordan matrices.

An example of D¢ = D

5 -1
15/2 3 1

—5/2 —3/2 -1

—5/8 -1/2 -1/2 -1 1

—3/8 —3/8 —1/2 —3/2 3 -1
~5/16 —3/8 —5/8 —5/2 15/2 -5 1

o <B <—\/11_72X,2x— 1)) — B <—\/11_izx,2x_ 1) _

VA (—(\2/);:72(3,2x - 1>
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Reflections on bi-infinite Riordan matrices.

Conclusions

@ The reflection in Riordan matrices is useful.
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Reflections on bi-infinite Riordan matrices.

Conclusions

@ The reflection in Riordan matrices is useful.

@ The different approximations of the Riordan group by means
of finite, infinite or bi-infinite matrices are useful.
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Reflections on bi-infinite Riordan matrices.

Conclusions

@ The reflection in Riordan matrices is useful.

@ The different approximations of the Riordan group by means
of finite, infinite or bi-infinite matrices are useful.

© There are many work to do.
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