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Introduction: some history

— . k—1 1
kx™ T =
kgl (1—=x)?

=g ¢ t=1+@e—a?
— X

f(t) =14 (22 — 22)t

f(0)=1

£2(0) =1+ 2z—x?

£3(0) = 1 4 22 + 322—4x3 + x4

£4(0) = 1 4 2z + 322 4 423-11x% 4 6x° — x5
£2(0) = 1+ 2z + 322 + 423 + 524 —

—26x° 4 23x5 — 8x7 + x®

£6(0) = 1 + 22 + 322 + 423 + 52% + 625—

—57x5 4+ +72x7 — 39x8 4 10x? — x10



po(z) = —1

pi(z) =—-4+<z

po(x) = —11 4 6z — 2

p3(z) = —26 + 23z — 8x2 4+ 3

pa(z) = —57 4+ 72z — 3922 + 1023 — 24

ps(xz) = —120 4+ 2102 — 15022 + 5923 — 1224 4+ 2°

—1
(T \
~11 6 -1

—26 23 —8 1
-57 72 -39 10 -1
—120 201 —-150 59 -—-12 1

\

dn,k pr— an_l’k — dn_l,k—l

pn(z) = (2 —2)pp-1(z) —(n+ 1) n>1



Construction of T'(f | g)

f= Z fnxn7 g — Z gnwn, with  gg # 0

n>0 n>0

T(f | 9) = (dy g)nkeN
( Jo \
f1 d0,0 dO,l do)g d0’3 d0’4 R

fo |dio di1 dio2 diz dia
f3 |doo do1 doo doz doa

fo+1 | dno dni dno2 dn3z dna )

\

Irj=0, dn,o = dn g — ZnZO dnx"

g1 gn gn fn
dn,o p— —_dn_l,o —_— _dn_Q)O « o o — _d070 _I_ e
90 90 90 90
If >0
gi g2 dn dn—l, 1
dnj = = dp—1,j = “dn-2- do.j + =L
90 90 90



Two formulas

T(flg) =T 11)T(1]g)

T 11]g9)=T(1] A)

Conversion formula

oo (153

xd

(d(x), h(z)) =T (7

)



T he main recurrence relation is

mn
T(f | 9) = (dpi)n.keN: pn(x) = 3 dy gt
k=0

@) = () s @)= Zp @)= o)+

9o g0 g0

Pascal’s triangle.

Pascal=T(1 |1 — x)

)pu-a@@) n>1

pn(z) = (¢ + 1)pp-1(z) = ( + 1)"



The Fibonacci polynomials

Fo(z) =1, Fi(z) ==
Fn(z) = xF,_1(xz) + F,_2(x) for n>2

Fo(z) = (‘E ;091) F,_1(z) — g—i ' o(z) + g—o

(fn)nEN' (gn)nEN

go=1,9g1=0, go=-1, g =0, Vn >3 and

T (11 - 2%) = (dp )
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0|0 2 01
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00 30401

0/1 06 05 01 )
\5':::::

dp g =dp_op+dp_1 k-1, fOr k>0, dyo=4dn 20
forn>2,dopo=1and d; g =0.
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T(11-2°)=]02 0 1

10301
030401
1060501 )
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Fo(z) =1

Fi(x) ==

Fo(z) =14 22

F3(x) = 2z + 3

Fp(z) =14 322 + 2°

Fs(x) = 3z + 423 + 2°
Fg(x) =1+ 6x2 + 5% + 2°

1 1
F,()x" =T (1|1 — 22 ( ):
ngo n()x (| ZE) 1 — ot 1—:132—:13t



The Pell polynomials.
Po(zx) =1 Pi(x) = 2x

Pn(z) = 2zPy_1(z) + Pp_2(x)

_ _ 1 1
T~ 91 = 2z, —92 = 1 then g(a?) — X _x2 and
g0 90 1 2 2
f(fﬂ)=§-
111 1
34
212 2
dn,k = dn—Q,k + an—l,k—lv k>0
1
(1 \
01
O(0 2
O/1 0 4
0O/0 4 0 8
O|1 O 12 0O 16
O/0 6 0 32 0 32
O(1 0 24 0O 80 0O o4
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0 2
10 4
(l‘l—le)z 04 0 8
212 2 1012 0 16
06 0 32 0 32
1024 0 80 0 64

 ;

Po(z) =1 = Fp(2x)

Pi(x) =22 = F1(2x)

Pr(z) = 1+ 422 = F»(2z)

P3(z) = 4z + 823 = F5(22)

Pi(z) =14 1222 4 162% = F4(22)

Ps(x) = 6z + 3223 4 322° = F5(22)

Pg(z) = 1 + 2422 4+ 802* + 642° = Fg(2x)

Pp(x) = Fn(2x)

(- 3) = (3h) ran - (o)
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The Morgan-Voyce polynomials.

1 1

0|1 \ “1]1

0] 2 1 0] 1 1

O3 4 1 0 1 3 1

Ol4 10 6 1 0] 1 6 5 1
K O|l5 20 21 8 1 ) \ 0] 1 10 15 7 1

Bo(z) =1 bo(z) =1
Bi(zx) =24+« bi(z) =1+4=x

Bo(z) =3+ 4z + 2° br(x) =1+ 3z + 22

B3(x) =4 4+ 10z + 622 + 3 b3(x) = 1 + 62 + 522 + 3

In general

Bn(x) = (x+2)Bh_1(x) — Bp2(x) bp(x) = (x+ 2)by—1(x) — b_2(x)

ZBn(t)xn:T(uu—x)?)( 1 ) 1

1—at) 1-CQ+Do+a2
n>0
R )_ 1—2
;bn(t)x —7(1— 2|1 x))(l_xt -G

By(z) = (x+1)Bp_1(x) + bp_1(x)

bn(z) = xBn_1(x) 4+ br_1(x)

B,(z) — Bh-1(z) = by(x)

bp(x) — by_1(x) = 2B,,_1(x)

T(1 —z|D)TA(1 —2)?) =T(1 —z|(1 —z)?)

T(1—z|1)T(1 —z[(1 —2)*) =T((1 —=z)?|(1 —x)?)
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Definitions and Results

Definition. The family of polynomials
associated to A = (ap j)n jeny (i.1.t.m.) is
(Pn(2))nen:

n
pn(z) = > apjz!, with neN
j=0

Main theorem Let D = (d,, j), jen b€ an i.l.t.m.
D is a Riordan matrix iff 3 (fn) and (gn), g0 70

pu() = (x - 91) o1 (@)=L a(@) o)+ vn >0
go go go qgo

Moreover D =T(f | g) where f = 3",,>0 fnz"
and g = ano gna:”.
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Umbral Composition

f = Z fnz", g = Z gnx't, | = Z Inz", m = Z mnx'
n>0

n>0 n>0 n>0

T(flg) = (pn,k)n,keN T(llm) = (Qn,k)n,kEN
(pn(af))neNa (Qn(w))neN

(pn(x))neN i (Qn(ﬂf))neN — (Tn(x))neN

T

T(fl)TUm) = T (fz (5> om (—)) — (o) e
g g

n

rn(x) = > pprar(x)

k=0
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P0,0 1

P10 P11 tt2 .
1 . P2,0 P21 P22 _ ok
o (=)= | 5 =3
Pn0O0 Pnl DPn2 “°° DPnn t" k=0
. 1 f(x)
> pn(ak =T(flg) (1= ) =
=0 — xt g(z) — xt

Definition. (pn(z)),cN iS @ polynomial sequence
of Riordan type if (p, k)n keN IS an element of
the Riordan group.

n
pn(x) = Y pppa®  with neN
k=0
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Proposition.
Consider T'(f | g) and (pn(x))
Consider T'(h | 1)T(f | g) and (gn(x))

Let h(z) = hg + hiz + hoz? + -+ 4+ hipz™ be a m
degree polynomial, Ay, #= O.

TCh | DT | 9)

qo(x) = hopo(x)

q1(xz) = h1po(x) + hop1(x)

Qm(w) — hmpn—m(x) + -+ hOpm(x)
If n>m

an(z) = hmpn—m(x) + --- + hopn(x)
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Example: The Chebyshev polynomials of the
first and the second kind.

The Chebyshev polynomials of the second kind:

Uo(z) =1
Ui(x) = 2x
Us(z) = 422 — 1
Us(x) = 823 — 4x
Ug(z) = 162% — 1222 41
In general, if n > 2
Un(z) = 22Uy _1(x) — Up_2(x)
IfU = (un,k)n,kEN
1|1
U=7 (505 +57)
22 T 57
is @ Riordan matrix:
1
(1 )
O] 1
O| O 2
Ol—1 O 4
Ol 0 -4 0 8
0| 1 O —-12 0 16
11 1, 1 1
Un(t =T — =
Z n(t)z" <2|2+2x><1—xt> 1+ 22 — 2ut
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The Chebyshev polynomials of the first kind:

To(z) =1

Ti(zx) ==

To(z) =222 — 1

T3(z) = 423 — 3z
Ty(z) = 82% —8z2 + 1
In general, for n > 2

Tn(z) = 22T, 1(x) — Tp—2(x)

We first produce a small perturblation and con-
sider: (T(z)),en Where Tp(z) = 5 and Tn(z) =
Tn(x) for every n > 1.

To(z) =5

T1(x) = 22Tp(x)

To(z) = 22Ty (z) — To(z) — 5
and forn > 3

To(x) = 22T, 1(2) — Tp_2()

~ 1 1 1 1
T =T (— — —$2‘— —+ —a:2)
4 4 |2 2
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[ )
0| 3

1

7/ 0 1

o,—-1 0 2

O, 0 -3 0 4

O, 1 0O -8 0 8

~ 1 5 1\ _ 1 1-—2?
ZTn(t)a: =T|-—— ‘ a: —
4 4 2 1 —tx 21—|—:c2 2tx

n>0

S T = =+ Y Ta(t)z"
n>0 2 n>0
1 —tx
Z Ta(t)a" 1 + 22 — Dtx

n>0
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1 1 1 1 1 1 111 1
1(g 5327557 =T (5-541) 7 (55 +57%)

So, symbolically

(To@)\ [ 3 | \ { Vo) \
11 (z) 0O 3 Uq(x)
To(x) -5 0 3 Up(x)
Ts3(z) |=| o -3 o 3 Us(x)
T4 () 0 0 -3 0 3 Us(z)
Ts () o o o -3o01 Us(z)
\ : \ : SRR )\ :

and consequently

To(r) =~ Un-2(@) + Un(x)

or
2Ty (z) = Un(z) — Up_2(x)

and then

2Tn(x) = Un(x) — U,,_>(x), n >3
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Proposition. Let f = ) faz", g= ) _ gnz" be
n>0 n>0
two power series such that fg #= 0, gg = O.

Suppose that (pn(x)),cn iS the associated
polynomial sequence of the Riordan array
T(f|g), then

(a) If (gn(x)),eN is the associated sequence to
T(fg | g) we obtain

gn(z) = zpp-1(x) + fn if n>1

and qo(z) = fo.

(b) If (rn(x)),eN IS the associated polynomial

sequence to T <£'9> then
Y

pn(z) — pn(0)

rn—1(x) = for n>1

Corollary Suppose g = »  gnz" with gg # 0.
n>0
Let (pn(x)),en be the pol. seq. ass. to T(1 | g)

(gn(x)),eN that associated to T'(g | g).
gn(x) = zp,_1(x) for n>1 and qo(z) =1
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Example: the Morgan-Voyce polynomials

T(1|(1-=)°) (Bn(z))

T(1 —2z|(1 —2)?) (bn(z))

Bn(z) — Bp—1(z) = bn(x)

bn(z) — bp—1(z) = zBp—1(x)

T(1 —z1)T(1|(1 - 2)%) =T(1 — z[(1 — z)?)

T(1—2|1)T(1—z|(1 —2)?) = T((1 —z)?|(1 —x)?)
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(pn(x)) as the family of polynomials associated to

T(f|g)

(gn(x)) the family of polynomials associated to
each of the matrix products.

Moreover a,b are constant series with b # 0O:

T(a|1)T(f | g9) =T(af | g), then gn(z) = apn(x)

T 0T 1) =T (1 (5) (), tnen

in() = (@)

T(f19)T(a|1) =T(af |g), then gn(z) = apn(x)

T(f | T(L 1) =T(f | bg), then gu(w) = pu (5 )
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Proposition. Let T'(f | g) and T'(I | m) be two
element of the Riordan group. Suppose that
(pn(x)) and (gn(x)) are the corresponding
associated families of polynomials.

T(l | m) =T(y | a+ B2)T(f | 9)T(c | a+ b)
where a,~v,a,c = 0. Then

wor =2 (£ 0 (2" Jn ()

k=0

Example: Fibonacci and Pell polynomials

111 1
T(1|1—2x2) Fibonacci T (—‘— — —:132) Pell
212 2

T(5=57) =7 (G a7 (1))

Pp(x) = Fpn(2x)

Example: Fibonacci and Chebychev of sec-
ond Kind polynomials
)
5)

r(arad) =1 (-7 (-2

Un(x) = 1" Fp(—2ix)
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Example: Fermat and Chebychev of second
kind polynomials

The Fermat polynomials are Fo(z) = 1, Fi(z) =
3x and for n > 2

Fn(z) = 3zFp_1(x) — 2Fp-2(x)

(3’3+ 3" )

1

(3] . \

ol 0 3
0l-2 0 9
ol o -12 0 27
0|4 0 -5 0 8l

\o 0 36 0 -216 0 243 )
Fo(x) =1
Fi1(x) = 3z

Fo(z) = =2 + 922

Fa(x) = =12z + 2723

Fa(x) = 4 — 5422 + 812
Fs(x) = 362 — 21623 + 2432°

(3eram) =n (o) (o) (35D

n 3x
Fuz) = (V2) Un( ﬁ>
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Generalized Appell polynomials (Boas-Buck, 1964)

Proposition: (s,(x)) is a family of generalized
Appell polynomials iff 3 f, g, h € K[[x]],

f= ano fnz", g = ZnZO gnz’ and
h(x) = ano hnx™ with fo,90 # 0, and hy, # 0 for
all n such that

T(f | gh(tz) = ) sa(t)z"

n>0
Moreover,

sn(x) = (pnx h)(x)
where (pn(z)) is a.p.s T(f | 9)

So

n
sn(@) =Y pprhpa”
k=0

S (0" = ¥ nen)a" = 100 (1)

n>0 n>0 g(x) g(x)
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Example: The Sheffer polynomials.

T(f|g)(e™) = > Sa(t)z"

n>0

S Sp(t)a" = A(z)etH (@)

n>0
where A= ) Apz",H= > Hpz" with Ag # 0,
n>0 n>1

Hy # 0.
r (Gl)
Sn(x) = pn(x) xe”

n

Sn(z) = ) _

k=0

pnﬁaﬁ
k!

n
if pu(z) = Y pppat.
k=0

WARNING: Often called a Sheffer sequence to
the sequence (n!Sp(x)),eny Where (Sn(z)),en IS
our Sheffer sequence.
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Example: The Brenke polynomials Following
Boas-Buck, (Bp(x)) is in the class of Brenke poly-
nomials if

T(f | 1) (h(tx)) = > Bpn(t)z"
n>0
Some particular cases are:
T(f|1)(e™) =Y An(t)z"
n>0
where (An(x)) are the Appell polynomials of f.
1
T(f11) (=) = X Ti®a”

1 —tx n>0

where (T¥) are the reversed Taylor polynomial of

f.
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Example: Pidduck and Mittag-Leffler poly-
nomials. Consider (Pp(x))
:El (eta:>
log ( )

go Po(t)a” =T ((1 —z)log (112)

Po(z) = n!Pn(z)

If (My(x)) is given by the formula:

L tx
log (12 )>(6)

Mn(z) = n'Mp(x)

> Mp()z" =T (Iog (1 )

n>0

Note that:

T T
((1 — z)log ($12)

Pn(z) = ) M(z)

k=0
or equivalently

n

Pa(@) = 3 (,)(n — k)M ()

k=0
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Example: The Laguerre polynomials.

T(-1|z—1)(e") =T |1-2)T(-1|-1)(") =

=T(1|1-2)(e ™)=Y Lpt)a"

k=0

General term:

1) = o = 3 (1)ahe) P = Yo ()

k=0 k>0

Recurrence relation:

Ln(z) = xLyp_1(z) x (—109(1 —2)) + Lp_1(x)
If k> 1,

1

Ln,k — Ln—l,k - ELn—l,k—l

Ly(z) = Ly_1(z) — Lp—1(x)

n—1
Ly(z) =— ) Li(z)
k=0
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Example: The Hermite polynomials.

S Ho()a" =T ( ) (el?) =

n>0 2e v

=7 ()7 () =7

Hy(z) = xHy_1(2) « h(z) + fn

1) (627533) — 6275:13—332

h(z) = > g:vn = —2log(1l — x)

nZln
0, if n is odd;
Jn = ((1)5 if n is even.

2

EHn—l,k—l

H}(x) = 2H,_1(z) or H}(z) = 2nH,_1(z).

Hn,k —

(—1)mI22) .

Hom @)= 2 = i

m (_1)m—j22j—|—1
H2m—|—1($) — Z

' . 22711
2 (m— i) + 1)

Hp(—z) = (=1)"Hp(x)
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Conclusions:

We can use the structure of Riordan group to
obtain information about families of sequences of
polynomials. We can study each subgroup of Ri-
ordan group and its families of polynomials asso-
Ciated, for example:

T(f|1)h(xt) and the Brenke polynomials.

T(g | g)(e*) and convolution polynomials or poly-
nomials of binomial type.
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