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Abstract

In this paper we study homotopical properties of a special neighborhood system, which is denoted by {Ug }¢~ ¢, for the canonical
embedding of a compact metric space in its upper semifinite hyperspace to get results in the shape theory for compacta. We also
point out that there are spaces with the shape of finite discrete spaces and having not the homotopy type of any 7;-space
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Let us denote by 2% the hyperspace of non-empty closed sets with the upper semifinite topology.

In this paper we want to show how a non-7 topology in hyperspaces, the upper semifinite topology, can be used
to study and reformulate some geometrical aspects of the topology of compact metric spaces. Our point of view
is to consider the canonical copy of a compactum X inside the upper semifinite hyperspace (denoted by 2%). This
hyperspace is highly non-Hausdorff, in fact 2X is a compactification of X, being X also a compact space. In a previous
paper [2] the authors describe some properties of 2% when X is a normal Hausdorff space.

All along this paper when we refer to the upper semifinite hyperspace 2% it is meant that X is a compact metric
space.

We begin Section 2 considering a compact metric space (X, d) and establishing that the family ¢/ = {U;}¢~¢ is a
base of open neighborhoods of the canonical copy of X inside 2%, where U, = {C € 2X | diam(C) < ¢} and diam
represents the diameter function for the metric d. This was first proved in [1] for the hyperspace 2;(1 with the Vietoris
topology, induced by the Hausdorff metric related to d. Later on we prove that 2% is an absolute extensor for the class
of compact metric spaces (in the sense of [6, p. 35]). We finish this section giving a homotopy extension property
for 2X.
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In Section 3 we study some shape and homotopy properties of the open sets U,, with ¢ > 0. In fact we prove
that the least upper bound of the cardinal of the image of any continuous function from U, to any Tj-space is an
integer which determines the shape of U.. One of the main results obtained in this section is that the upper semifinite
hyperspace can be used to detect the shape morphism induced by a map. As a consequence we point out one of the
main differences between shape and homotopy for topological spaces: While each U, has the shape of some discrete
finite space, some of them have not the homotopy type of any Ti-space. On the other hand K. Morita [9] proved that
each topological space has the same shape of some Tychonov space.

In the last section we use the hyperspace, with the upper semifinite topology to reinterpret Sanjurjo’s description
of shape of compact metric space [10] and, at the same time, we obtain that upper semifinite hyperspaces are as good
ambient spaces as the Hilbert cube (used by K. Borsuk in [5]) to define shape theory.

We have to say that in [3, pp. 2784-2785] there are some results which are weakly related to a minor part of this
paper.

The authors thank the referee whose suggestions improved an earlier version of this paper

2. Extension properties in upper semifinite hyperspaces of compacta

Suppose that (X, d) is a compact metric space and consider the hyperspace 2% of non-empty closed sets with
the upper semifinite topology. Given an open subset U C X we define By = {C € 2% | C C U}. Then the family
B = {By}uer is a base for the upper semifinite topology on 2%. Also we have that if C € 2X then {C} = {D € 2X |
C C D}. We can identify, topologically, (X, d) with the subspace ¢ (X) C 2%, where

¢ X — 2%,
x —> {x}

is the so-called canonical embedding.
The following result will be very useful and widely used along the paper.

Proposition 1. Let (X, d) be a compact metric space. Then the family U = {U.}¢~¢ is a base of open neighborhoods
of X inside 2X where U, = {C € 2X | diam(C) < ¢}. Consequently {U1,}nen is countable base.

Proof. Obviously X C U,, for all ¢ > 0. Firstly we are going to prove that U, is an open neighborhood of X for each
e>0.

Let C € U, with diam(C) =r < ¢. Consider B(C, 55%) = {x € X: d(x, C) < 55"} and take the open neighborhood
Byc,e5ry of Cin 2X LetD e By(c,esry and p, p' € D. Then we have

d(p,p') <d(p,C)+d(p',C) +diam(C) <,
so D € U, and hence BB(C,S%) c U,.

Take now an open set U C 2X with X (= ¢ (X)) C U. For each x € X choose ¢, > 0 such that V, = Bp(y¢,) CU.
Choose a Lebesgue number 8 > 0 for the open cover {V,: x € X}. Then for each x € X, Bp(x,5)) C U.

Consider Ug = {C € 2X | diam(C) < B}, fix C € Ug and c € C. Then C € Bp(,p) C Bp(x,s,), for some x € X.
Consequently, Ug CU. O

Proposition 2. Let X be a compact metric space. Then 2% is an absolute extensor for the class of compact metric
space.

Proof. Let (Y, d’) be a compact metric space and A C Y a closed set of Y. For each y € Y we define the set A, =
{aeAld(a,y)=d(y,A)}. Let {a,}uen C A, be a convergent sequence with lim,_oca, = ap € A. Since
d'(an,y) =d'(A,y) for all n € N, it follows that d’(y, A) = lim,_, oo d'(y, an) = d’'(y, ap). Consequently ag € A,,
and so Ay is a closed subset of A.

Consider the upper semifinite hyperspace 24. We define the function g: ¥ — 24 by g(y) = Ay. Suppose g is
not continuous at yg € Y. Consider B(Ay),s) ={a € A | d'(a, Ayy) < &} an open neighborhood of Ay, in A, so
{BB(A),O,S)}»O is a base for the point A, in 24 and take B = {B(y0, &) | lim,_, 5 &, = 0} a base for the point yg in Y.
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Then there exists g9 > 0 such that g(B(yg, &,)) € BB(A_VO,EO) for any ¢, > 0. For each n € N we choose y, € B(yg, &)
such that g(y,) & BB(A)VO,e)- So it follows that for each n € N there exists b, € g(y,) such that d’(b,, Ay = €
and d'(yn, by) = d'(y,, A). The sequence {b,},cny has a convergent subsequence, we denote it again by {b,},en.
Suppose that lim,,_, oo b, = b. Since lim, .o d’(by, Ay,) =d'(b, Ay)) = €0 and d’(yo, A) < d'(yo, bu) < d'(yo, yu) +
d'(yn, by) then we have d(yg, A) < d(yo, b) < d(yg, A). Therefore b € Ay, which is impossible.

Let f: A — 2%, be a continuous function and let C € 24. We shall show that U yeC f(y)isaclosed setin X. Let
{xn}nen C UyEC f(y) be a convergent sequence in X. So for each n € N, there exists y, € C such that x, € f(y,).
Then the sequence {y,},eny C C contains a subsequence, we denote it again by {y,},eny C C, which converges to
yo € C. Take now Bp(y.e) C 2X. By continuity of f it follows that there exists ng € N such that f(y,) € Bp(y,,¢) for
every n = ngo. Consequently d(xg, f(xp)) < € for every ¢ > 0 and then xo € f(yp). So Uyec f(y) e2X.

Define the function h:24 — 2% by 2(C) = ¢ (). Let By be an open neighborhood of 2(C) in 2X. Evidently
Bi-1(g,) is open in 24, Then we have C C ffl(h(C)) C f*I(BV) and so C € Bi-1(p,)- Take now D € Bi-1(p,)-
Then for each d € D it follows that f(d) € By and so h(D) € By. Therefore h(Bf—l(BV)) C By and we conclude
that % is a continuous function.

Finally we define the map f*:Y — 2X by f* =h o g, which is a continuous extension of f. O

The next theorem describes a kind of homotopy extension property and is, in some sense, similar to the Borsuk’s
Homotopy Extension Theorem for ANRs (see [4] or [6, Chapter IV]). First of all from the last proof we can extract
the following:

Lemma 3. Let Z and T be compact metric spaces and suppose that h:Z — 27 is a continuous function. For every
C 2%, Ueec f(0) € 2T and h* : 2% — 27 given by h*(C) = Ueec f(©), is continuous.

In the next result we use the construction U, for two metric spaces X and Y, so we will denote them by U, (X) and
U (Y), respectively.

Theorem 4. Let X, Y be two compact metric spaces. Suppose that H : X x [ — %Y and h: 2% — 2Y are continuous
Sfunctions such that H (x,0) = h|, ({x}). Then there exists a continuous function H : 2% x I — 2Y with the following
propetrties:

(i) H(C,0)=h(C) forall C €2X.
(i) H,, =H.
(i11) H is continuous.
(iv) If H(x,t) e U.(Y) forall (x,t) € X x I, then we can choose § > 0 such that ﬁ(Ua(X) x 1) C U (Y).

Proof. First of all there is a natural topological embedding of 2% x I into 2X*/ given by (C,t) = C x {t} for any
C e2Xandt e . Using the previous lemma we have the continuous extension H*: X315 oY of H.
We define the function H :2X x I — 2¥ by

h(C) ift =0,

HC. D= { H*(C x {1}) ifr>0.

By the hypotheses we have that H is well defined and satisfies the properties (i)—(ii). Let us show that H also
satisfies (iii)—(iv).

(iii)) We need only to prove continuity at (C, 0). Let By be a basic neighborhood of H (C,0) =h(C) in 2Y. Since
h is continuous, there exists a basic neighborhood By of C in 2X such that #(By) C By. In particular A ({c}) € By
for each ¢ € C. Moreover H is also continuous and H (¢, 0) = h({c}), then we have that for each ¢ € C there exists an
open neighborhood U, x [0, &;) of (¢, 0) in X x I such that H(U, x [0, &.)) C By. We can also suppose that U, C U
for all ¢ € C. Since {U. | ¢ € C} is an open cover of C, then we can suppose that {U, |i € {1,...,k}} is a finite
subcover. Let ¢ = min{e., |i € {1,...,k}} and U= (Uf:1 U.,). Take the open subset By x [0, ) of 2X x I Using
the definition of H* we easily see that H (Bip x [0,¢)) C By.
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(iv) Let A be an open neighborhood of X x I in 2% x I. For all (x,t) € X x I there exists an open neighborhood
B X (t — &t + &) of (xp, 1) in 2% x I such that B ) X (t —&,t+¢)C A. Since I is compact, then for

each xg € X there exist 1,1, ..., € I such that I C Ul;zl(tj — &, tj+ 8,j).

Let Uy, = ﬂ]jf:l Ulxg.tj) then Uy, is open and xo € Uy,. From compactness of X take a finite subcover
{Uy,, Uy,, ..., Uy,}. Hence By, U, is an open neighborhood of X, the canonical copy, in 2X. Thus there exists
8 > O such that X C Us(X) C By, Us,). Consequently

XxIcUs(X)xIC (B(U?zlux')) x I C A.

Now the proof follows applying the above paragraph to A = H'(U,(Y)). O
3. Homotopy and shape properties of U,

We shall prove some homotopy and shape properties of Ue. First, let us recall some definitions which will be used
throughout this section.

Let (X, d) be a compact metric space. i denotes an open partition of X, a covering formed by disjoint sets, and
P(X) denotes the set of all open partitions of X. Since X is compact we get that any open partition is a finite cover.
Recall that a partition U] € P(X) is a refinement of another partition {/> € ‘P(X), and it is denoted by U > Uy, if for
every element Ul.1 € U, there exists an element U2 € U, such that Ul-1 c U2

For each ¢ > 0 we define the set P, (X) = {U € P(X) | {B(x, €)}xex is a refinement of U}. Obviously U = {X} €
P (X) and since {B(x, €)}ycx admits a finite subcover of X, there exists N, € N such that N, is the minimum number
of balls needed to cover X. Hence sup{Card{U/} | U € P.(X)} < N, and so there exists ng(¢) € N such that

no(¢) = max {Card(U)}.
UeP:(X)

Theorem 5. Let Y be a T1-space and let X be a compact metric space. If f:U, — Y is a continuous map then

Card(f (Us)) < ugyiy(cx)(Card(Z/{)) = no(e).

Moreover there exists a T1-space Y and a continuous map f :U, — Y such that Card(f (Ug)) = ng(e).

Remark 6. Note that if X is connected then ng(e) = 1 for every ¢ > 0 and hence the only continuous maps from U,
to a Ty-space are the constant maps.

Proof. First of all we are going to show that for every ¢ > 0 and every continuous map f : U, — Y, with Y a T} -space,
one has that Card( f (U,)) is finite

Suppose that ¢ > 0 and the map f are fixed. Since {B(x,e/4)}xcx is an open cover of X, then there exist
X1,X2, ..., %, € X such that {B.(x;, ¢/4)}i=1,... » is a finite covering of X, where B, represents the closed ball. Ob-
serve that B.(x;,e/4) e U, foralli =1,...,n.

Consider D € U,. Foreach y € D there exists i € {1, ..., n} such that y € B.(x;, ¢/4). Then we have {x;, y} € U,,
{xi, y} € {x;} and {x;, y} € {y}. Since f is continuous, it follows that f({x;,y}) € f({x:}) C F({xi}) = f{xi})
and f({x;,y}) € f({y) € fAy}) = f{y}). This implies that f({y}) = f({x;}). Since D e {y} it follows that

S (D) = f({x;i}) since D € U, f(D) € {f({x1}), ..., f({xn}}. Consequently, f(Ue) < {f({x1}),..., f({x,})} and
thus, Card(f(U,)) < n.

Now we are going to show that Card( f(U,)) < no(e). Suppose on the contrary that there exists a continuous map
f:Us; = Y such that Card(f (U,;)) = m > ng(e). Denote by Img(f(U;)) = {ai, ..., an} the image of f. Therefore
{f_1 (a;) |i €{l,...,m}}is an open partition of U, and so, since U; C 25, we can suppose that

f = By, C B(U,-e,,. vy forallie(l,....m}.
JeJi
We claim that V = {Ujej1 Vlj, e, UjeJm V,,j;} is an open partition of X. If this is not true, there exist p,q €
{1.....,m} and x € X such that x € (¢, qu) N(Ujey, V}{). Then there exit j; € J, and j, € J,, such that x € qu‘
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and x € VI{Z, hence {x} € (Ujejq B(Vq;)) N (UjeJ,, B(V[{)) which is a contradiction. Moreover we have {B(x, &)},cx is a

refinement of V. To see this let xg € X and x € B(xo, €). Obviously C = {x, x} C U, and, since C € {xo} and C € {x},

then there exist p,q € {1,...,m} such that f(C) € f{xo)) € f{xo) = {ap} and f(C) € fxh c f(xh = {ag}.
Consequently p = q. So f(xg) = f(x) for all x € B(xg, ¢) and it follows that there exists s € {1, ...,m} such that

B(xo,¢) C Ujejs V/. As a result we have that V = {UjeJ1 Vlj, e, Uje],,, V,,jl.} € P.(X) and that Card(V) =m >
no(e) = maxyep, x)(Card(f)) which is not possible. This proves that Card( f (U )) < ng(e).
Now we are going to construct a continuous map f:U, — Y such that Card(f(U;)) = no(¢). Let ¥ =

{1,...,n0(e)}. Let Uy € P.(X) such that Uy = {Z/{(%,Z/{g, ...,UgO(e)}. Define the map f:X — {1,...,n0(¢)} by
fx)y=i,ifx e Ué. For each C € U,, there exists only one I/lé’ € Uy € P.(X) such that C C Z/{Op. Thus f: X —
{1,...,n9(e)} is extendable over U, as

f:Us — {1,2, ...,no(s)},
C— f(C)=i
wherei € {1,2,...,n9(e)} is such that C eZ/lé.

As we proved in [2], the map 2/ :2X — 2170} ig continuous and obviously f=2f |y, . Consequently fis
continuous and Card(f(Ug)) =no(e). O

In order to describe the shape of U, we need the following result on shape theory (see [7,8]).

Theorem 7. Let X, Y be topological spaces and suppose that f: X — Y is a continuous function. Then the map f
induces a shape equivalence if only if for any ANR, P, and any homotopy class [h] € [Y, P], where h:Y — P isa
map, we have that the assignment

[h] == [hof]

where [h o f] € [X, P), induces a bijection between the corresponding sets of homotopy classes of maps.
Now we can prove
Theorem 8. Let X be a compact metric space. For every € > 0, U, has the shape of the discrete space {1, ..., ng(e)}.

Proof. Let P be an ANR and suppose that f,:U, — {1, ..., ng(¢)} is an onto continuous function. First of all, let us
prove that for every continuous map g : U, — P we can construct a continuous map 4 : {1, ...,ng(¢)} — P such that
g=hofe.

Note that Card(g(U,)) = g < no(¢). Suppose that the image of g is {ay, ..., a4}. Since f.:U; — {1,...,n0(e)}
and g : U, — P are continuous functions we have two partitions of U, given by

q
Ue=|JVi withV; =g (@) foreveryi € {1,2,....q),
i=1
no(e)

Ue=J W; withW; = f7"(j) forevery j € {1,2,...,n0(e)}.
j=1

Let us show now that for every j € {1,...,no(¢)} there exists i € {I,..., g} such that W; C V;. Suppose, on
the contrary, that there exists jo € {1,...,n0(¢)} such that W, Q Vi foralli e {1,...,q}. Since U, = Uiq:1 V; and
Wj, C U, then there exist iy, ..., i, € {1, ..., g} such that W;, C ngl Viand Wj NV, #@ forall e € {1,...,r}.
Note that » > 2 and W, N V;, is an open and closed set of Ug. Let (W) = W, NV, foralla € {1,...,r} and take

W;

Us=WiU---UWji_ 1 U((Wj)1 U= U(Wjp)r) UWjgp1 U U Wige).
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Then we have that U, is the union of (ng(e) — 1) + r > no(e) open and closed sets. Now define a function S: U, —
{1,...,n0(e),..., (no(e) — 1) +r} by
SWj)=j if 1
S(Wii)=jo+ G —1) ifl
SWj)=j+—-1) if jo+1<j <no(e).

It is clear that S is continuous and Card(Img(S)) > ng(e). This contradicts Theorem 4. Therefore for every jo €
{I,....q,...,n0(¢)} there exists ig € {1, ..., g} such that W;, C V;, = g_l(aio).

Now define h:{1,...,q,...,n0(¢)} = P by h(j) = a; where W; C g '(a;). We are going to show that g =
h o f.. To see this, take C € U, then there exists jo € {1,...,q,...,n0(e)} such that C € W;; and so there exists
ip € {l,...,q} such that W;, C V;, =g~ (a,o) Since g(C) € g(V,O) = g(g_l(a,o)) =aj, and f;(C) = jo it follows
that (= (C)) = h(jo) = ai, = g(C).

Suppose now that i o fg ~ho fo:U — P (x~ means homotopic), then there exists a continuous function
H: U, x I — P such that H(C 0) = h(fg(C)) and H(C 1) = h'(fe(C)) for every C € U,. Define the function
H:A{1,2,...,n0(e)} x I — P by H(i,t) _H(C,,t) where C; € U, with f.(C;) =1i.

By Theorem 4 we have that Card(Img( fe)) and Card(Img(H,)) for all ¢ € I are finite and by the definition of ng(¢)
we obtain, in partlcular that Card(H,) < no(e). Since R = {f,~ L) |ie{l1,2,...,n0(e)}} is a maximal partition
of U,, we have that H,(C,t) = H,(C',t) for every C, C' € f L), with i € {1 .,no(¢)}. Therefore H is well
defined.

Since H is, obviously, continuous and for each i € {1, ..., ng(e)} it follows that H (i, 0) = I-NI(C, 0) =h(f:(C)) =
h(i)and HG, 1) = H(C, 1) = h' (fe(C)) = h'(i) then h >~ h’. So we have proved that the induced map between the
sets of homotopy classes of maps is a bijection for every ANR. O

J<jo—1,

<
<i<r,

The next result is the first one that points out that the upper semifinite hyperspace of a compact metric space is a
good ambient space to detect shape properties. In fact in the next result we will prove that the shape morphism, in the
sense of K. Borsuk [5], induced by a continuous function can be detected in this ambient space and using the sets U,.

As usual sh(f) = sh(g) means that the maps f and g induce the same shape morphism. When we talk, in the next
proposition, about X or Y we refer to their canonical copies inside their corresponding upper semifinite hyperspaces.

Proposition 9. Let X, Y be compact metric spaces and suppose that f, g: X — Y are continuous functions. Then
sh(f) = sh(g) if and only if f and g are homotopic in U, = {C € 2¥ | diam(C) < €} for all ¢ > 0.

Proof. Let Q be the Hilbert cube.

Recall that the relation f ~ g in B(Y,¢) in Q for all ¢ > 0, is independent on the topological copy of O we
choose and on the embedding of Y in Q [5]. Hence we are going to choose Q = [[°2,[—1/n, 1/n] which is a convex
copy of the Hilbert cube in the Hilbert space 1> = {x = (X)nen | Zx < oo} with ||[(xp)|l2 = (Zn 1 X n)l/z By
p(x,y) =1(xy — yn)|l2 for all x, y € O we mean the induced distance on Q.

Suppose that Y is contained, as a closed set, in the Hilbert cube Q. For each g € Q we take the set Y, ={y € Y |
p(y,q) = p(g,Y)}. In the proof of Proposition 2 we showed that Y, is closed in Y and that r: Q — 2Y define by
r(q) = Y, is a continuous function.

Let f, g: X — Y be two continuous functions such that sh( f) = sh(g). Then given /2 > 0, there exists a continu-
ousmap H:X x I — Q suchthat H(x,t) € B(Y,&e/2), H(x,0) = f(x) and H(x, 1) = g(x) forevery (x,7) € X x [
and so p(H(x,t),Y) < &/2. Hence for y,y" € Y.y we have p(y,y") < p(y, H(x,1)) + p(y/, H(x,1)) < €/2 +
¢/2 = ¢. Consequently, from compactness, diam(Yx ;) < ¢ and then Yy (x 1) € U for all (x,¢) € X x I. Now we
can define H by

H:X xI— U,
(., 1) —> Hx,0) =r(H(x, 1) =Yg

It is clear that H is continuous and, since Yy () = f(x) and Yg(y) = g(x), it follows that ﬁ(x, 0)=r(H(x,0) =
Yioy=f(x)and H(x,1) =r(H(x, 1)) =Ygx) = g(x) for all x € X then H is a homotopy between f and g in U,.
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To prove the other direction we are going to consider again Y as a closed set of Q the same metric convex copy as
before. Take in Q the open ball By (Y, €). By the properties of the Hilbert cube, there exists a prism K in the sense
of K. Borsuk [4] which is a compact ANR neighborhood of Y such that ¥ C K C Bg(Y, ¢). Recall that a prism is a
subset of O which, in particular, is homeomorphic to a product of a finite polyhedron by a Hilbert cube.

Let f,g:X — Y C K be maps. Since K is a compact ANR, then there exists a & > 0 such that if
p(f(x),g(x)) <& then f ~ g in K [6, p. 111]. Suppose now that f and g are homotopic in U, for all ¢ > 0.
Note that we are measuring the diameters by means of the metric p.

Let ¢” > 0 be such that Y C B(Y,&”) C K. Take § = min{¢’, ¢”}. Then there exists a homotopy H: X x I — Us
such that for all (x,7) € X x I we have H(x,0) = f(x) and H(x, 1) = g(x). Therefore for each (x, ¢) € X x I there
exists a neighborhood V(y ;) of (x,1) in X x I such that H(V(y ;)) C BB(H(X’I)’S—diam(zH(x,t))) C Us.

Let y; € H(ay,t1) with (a1,11) € Vix,r) and y» € H(ap, ) with (a2, 1) € Vi, 1), then we have p(y1, y2) <
p(y1, H(x,t)) + p(H(x,t), y2) +diam(H (x, 1)) < §, then diam(H (V(y 1)) < 9.

As {Vxr) | (x,1) € X x I} is an open covering of the compact space X x I then there exist a finite subcover
V ={Vix.11) -+ Vixp.1,)} such that diam(H (V(y, 1)) < é fori € {1,...,n}. Consider foreachi € {1, ..., n} the map
Bi: X x I — R defined by

D((x, 1), (X x 1) = Vix; 1))
S DD (X X 1) = Via, )

By © we mean a compatible distance in the compact metrizable space X x I. We have that the functions g;
with i € {1, ..., n}, are clearly continuous and B;(x,t) # 0 for i € {1,...,n} if only if (x,7) € V(, 1. For each
ie{l,...,n}fixapointv; € H(V(y, 1,))-

Now we define the function H by

Bi(x, 1) =

ﬁ:XxI—>Q,

n
(. 1) Y Bilx, .
i=1
Let (x,,, t,,) € X x I such that lim,,;, , oo (X, t;,) = (x, t). Then it follows that

n

> (Bix. 1) = Bi s t)) i

i=1

p(H(x, 1), H(xm, tw)) = | H(x, 1) — H (o tw) |, =

2

n n
< (B, 1) = BiComs ta))[Ilvill2 <MY [(Bix, 1) = Bi Coms 1)) .
i=1 i=1
Where M = max{||vi||2, ..., |lvall2}- _ _ _
Since limy,;,— o0 Bi (X, L) = Bi(x, t) then limy, o0 p(H (x, t), H (X}, t;)) = 0. Therefore H is continuous.
Let (x,7) € X x I be such that it belongs to k of the sets V(y, ;). There is not loss of generality in assuming that
(x,1) € Vix; 1, for i =1, ..., k. Thus we have ﬁ(x, t) = Bi1(x, vy + Ba(x, t)vo + - + Br(x,t)vr and By(x,t) +
Balx, 1) + -+ Br(x, 1) = 1.

Take now z € H(x, t). Then
p(H(x,1),2) = p((B1(x, V1 + -+ + Br(x, ve), (B1(x, Dz + - + Br(x, 1)z))
=[(Bix, )z —v1) + -+ Br(x, )z —v1)) |
SBix, Dz —villz+ Bax, Dllz —v2ll2 + -+ Be(x, Dz — viell2

k
< B1(x, )64+ Bo(x, )6+ -+ Br(x,1)8 < (Zﬂj(x, t))8 <.
j=1
Thus p(H (x,1), H(x,1)) <& and, since H(x,) C ¥, we have p(H(x,1),Y) < 8. Consequently, for all (x,1) €
X x Lwe obtain H(xf,vt) C B(Y,8) C K C B(Y,¢). Moreover as p(H(x,0), f(x)) <6 and p(H(x,1),g(x)) <§
then H(.,0)~ f and H(.,1) >~ g in K. Consequently f ~ ¢ in B(Y,¢e). O
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The next consequence points out one of the main differences between the homotopy and shape categories for topo-
logical spaces. K. Morita [9] proved that every topological space has the shape of some Tychonov space (completely
regular + T-space). For homotopy, on the contrary, we have:

Theorem 10. In general U, with &€ > 0 does not have the same homotopy type as a T -space.

Proof. Let X be a connected ANR such that there exists an essential map f : X — X. (In particular, think of X = S).
Since X, considered as the canonical copy, is dense in 2X it follows that U, is connected for every € > 0 and so,
by Remark 6, we have that the only continuous maps to a 7}-space are the constants. Therefore suppose that U,, for
every ¢ > 0, has the homotopy type of a 77 -space, then U, has trivial homotopy type. Consequently for every pair of
maps g, f: X = X C U, we have that f >~ g in U, for every ¢ > 0.

Consequently if f is an essential map and g is a constant map we have sh(f) = sh(g) and this is not possible since
Xisan ANR. O

For the whole space we have
Proposition 11. Let X be a non-empty topological space. Then 2% has the homotopy type of a point.

Proof. First we define a map H :2X x I — 2% by
X ift=0,
C ifre(0,1].
If we denote by Id: 2X — 2X the identity map in 2% and by Fy :2X — 2% the constant Fx (C) = X for all C € 2%
then we have H(C,0) = Fx(C) and H(C, 1) =1d,x (C).
We need only to prove continuity of H at (C, 0). Note that H(C,0) = X. Let By be a basic neighborhood of X.

Then By = 2X. Clearly V =2% x I is a neighborhood of (C, 0) such that H(V) C 2X = By which proves continuity
at (C,0). O

H(C,t)=

4. Shape theory

In this section we use the hyperspace with the upper semifinite topology to reinterpret Sanjurjo’s description of
shape of compact metrizable spaces [10] showing that the hyperspaces, with the upper semifinite topology, are as
good ambient spaces as the Hilbert cube used by K. Borsuk in [5].

Let us recall some definitions given by J.M.R. Sanjurjo in [10].

Definition 12. Let X and Y be compact metric spaces. An upper semicontinuous multivalued function G: X — Y is
said to be e-small if diam(G (x)) < ¢ for any x € X.

Definition 13. Let X and Y be compact metric spaces. Two e-small upper semicontinuous multivalued functions

F,G:X — Y are said to be e-multihomotopic, denoted by F < G, if there exists a e-small upper semicontinuous
multivalued function H: X x I — Y suchthat H(x,0) = F(x) and H(x,1) = G(x) forall x € X.

Definition 14. A multi-net form X to Y is a sequence of upper semicontinuous multivalued functions F =
. . &
{F,: X — Y},en such that for every ¢ > O there is an index ng € N such that F,, >~ F,,;| for every n > ng.

Definition 15. Two multi-net F and G are said to be homotopic, F ~ G, if for every ¢ > ( there is a index ng € N

&
such that F;, >~ G, for every n > ng.

J.M.R. Sanjurjo proved in [10] that the category whose objects are the compact metric spaces and the morphisms
between them are the homotopy classes of multi-nets (with an special definition of composition) is isomorphic to the
shape category of compacta defined by Borsuk in [5].
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Now our intention is to reinterpret the category obtained by J.M.R. Sanjurjo using the hyperspace with the upper
semifinite topology to obtain that, in fact, what Sanjurjo was doing there was just fo change, as ambient space, the
Hilbert cube, used by Borsuk, by the corresponding upper semifinite hyperspace.

We have the next obvious result.

Proposition 16. A multivalued function F : X — Y is an upper semicontinuous multivalued function if and only if the
function f:X — 2Y defined by f(x) = F(x) is continuous.

The next definition is similar to the definition of approximative map given by K. Borsuk in [5].

Definition 17. Let X and Y be compact metric spaces. A sequence of continuous functions f = { fi: X — 2 Jren is
said to be an approximative map from X to Y if for every neighborhood U of the canonical copy Y in 2% there exists
ko € N such that f; is homotopic to fi1 in U for all k > k.

Now we use the base U = {U, = {C € 2% | diam(C) < &}},-0 of 2¥ to prove the next proposition.

Proposition 18. A sequence F= {Fp:X — Y}nen is a multi-net if only if the sequence f ={f,: X — 2¥},en where
fun(x) = F,(x) for alln € N and all x € X is an approximative map in the above sense.

Proof. First suppose that F is a multi-net. Then for every open neighborhood U of Y in 2Y there exists an U, € U such
that Y C U, C U. Since F is a multi-net then for all n > ng there exists a -small upper semicontinuous multivalued
function H,, : X x I — Y such that H,, (x 0) = F,(x) and H, (x 1) = F,11(x) for all x € X.

Now we can define the function H X X [ —2Y by H (x,t) = Hy(x,t) for every (x,t) € X x I. Then we
have that H is a contlnuous function and H (x,t) C U, C U for every n > ng. Moreover for all x € X we have
H (x,0) = f,(x) and H (x, 1) = fu4+1(x). Consequently f = { fulneN 1s an approximative map.

Now let us suppose that f is an approximative map. Then for each Uy there exists a index no € N and a continuous
function H : X x I — 2Y such that for all n > ng we have that H (x,1) e U, for all (x,t) € X x I and H (x,0)=
fn(x) and Hn(x, 1) = fut+1(x) forevery x € X.

So for each n > ng we define the multivalued function H,:X x I — Y by H,(x,t) = Hn (x,1). Since
diam(H, (x,t)) < ¢ forall (x,¢) € X x I then we have that H, is e-small upper semicontinuous multivalued function
such that H, (x,0) = F,(x) and H, (x, 1) = F,,+1(x) for all x € X. Consequently F is a multi-net. O

Following the classical definitions of Borsuk we also have.

Definition 19. Two approximative maps f and g, are homotopic, f = g, if for each open neighborhood U of the
canonical copy Y in 2" there exists ng € N such that f,, is homotopic to g, in U for every n > ny.

Using the same arguments as before we have.

Proposition 20. Let F and G be multi-nets and let f and g be the two approximative maps defined by f,(x) = Fy(x)
and g,(x) = G, (x) foralln e Nand x € X. Then F and G are homotopic if only if  and g are homotopic.

Consequently.

Corollary 1. The set of all homotopy classes of approximative maps from X to 2 is in a bijective correspondence
with the set of all homotopy classes of multi-nets from X to Y and then with the set of shape morphisms from X to Y.
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